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ABSTRACT. We introduce an invariant of varieties in positive characteristic
which generalizes the a-number of an abelian variety. We calculate it in some
examples and discuss its meaning for moduli.

Dedicated to A.N. Parshin on the occasion of his 60th birthday

1. Introduction

Varieties in positive characteristic can differ markedly from varieties in charac-
teristic zero. One aspect that makes this clear is Hodge theory. If X is a smooth
variety in positive characteristic for which the Hodge-to-de Rham spectral sequence
degenerates then the de Rham cohomology groups HJ} (X) possess two filtrations, a
decreasing filtration called the Hodge filtration F'® and an increasing filtration called
the conjugate filtration G,. The conjugate filtration is the analogue of the complex
conjugate of the Hodge filtration in characteristic zero. But while in characteristic
zero the Hodge filtration and the conjugate filtration are always transversal, this is
no longer the case in positive characteristic and this gives rise to interesting new
invariants of algebraic varieties in positive characteristic. Varieties in positive char-
acteristic for which the Hodge filtration and the conjugate filtration are transversal
are called ‘ordinary’ and resemble in some way smooth complex varieties, while
varieties with non-transversal filtrations resemble singular complex varieties.

The relative position of the two filtrations on the de Rham cohomology is
encoded by a double coset of a Weyl group and is rather complicated. We introduce
an invariant which measures the position of the first step of the conjugate filtration
in the Hodge filtration. If X is an abelian variety then this invariant coincides
with the a-number as defined by Oort. The non-transversality is related to the
cohomology of the sheaves B, introduced by Illusie.

In this paper after some preliminaries we define the a-number and show that
this definition coincides with the definition of the a-number for abelian varieties
and indicate the meaning of this number for the moduli of abelian varieties. This is
related to work of Ogus on the order of singularity of the Hasse locus in the moduli
of Calabi-Yau varieties. We then show how to calculate the a-number for Fermat
varieties using the Poincaré residue map. After that we show an inequality for the
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132 G. VAN DER GEER AND T. KATSURA

a-number of Calabi-Yau threefolds and finish with a discussion of the a-number for
a family of quintic Calabi-Yau varieties.

2. The Two Spectral Sequences

Let X be a smooth complete algebraic variety defined over an algebraically
closed field k of characteristic p > 0. Let X’ be the base-change of X with respect
to the Frobenius homomorphism of k. The absolute Frobenius F,ps : X — X
factors through the relative Frobenius F,ps : X F.X" — X. There are two
spectral sequences converging to the de Rham cohomology: the first is the Hodge
spectral sequence

EY = HI(X,Q') = HJ(X).
This spectral sequence arises from the filtration Q2 of the de Rham complex Q°.
The second spectral sequence is the so-called conjugate spectral sequence which
comes from the the Leray spectral sequence for the relative Frobenius F' : X — X',
that yields a spectral sequence

By = HY(X', H(F.Q% 1)) = Hif (X/k).
But the Cartier operator yields an isomorphism of sheaves on X’
c Qg{f/k“N—’Hi(F*(QS(/k))»
so that we can rewrite this as

Ef = H'(X', W (P ))) = HY(X', Yy ,) = Hin(X).

We assume that the Hodge-to-de Rham spectral sequence for X degenerates at the
E;-level. This happens for example if p > dim(X) and X can be lifted to the Witt
vectors Wa(k), see [De-Il]. Then the de Rham cohomology carries a filtration, the
Hodge filtration
F* HLh=F'>F'>...0F™,
with graded pieces . ' '
gr'Hip(X) = H™ (X, Q).
Moreover, then also the conjugate spectral sequence degenerates at the Fa-level,
leading to the so-called conjugate filtration
Ge: (0)CGoyCG1C...CGyp=HIRX)
with graded pieces ,
gr, Hin(X) = H' (X', Q%).
Moreover, if m = n := dim(X) then we have a non-degenerate pairing (, ) on the
de Rham cohomology
Hi(X) x Hip(X) — HIR(X) = k.
Note that for the conjugate spectral sequence we have
Ep® = H"(X', H (. pp)) = H™(X', 0x)
and since F% _(H™(X,0x)) = H"(X’',0x+) we see that Gy = F}

abs abs
In particular, the composition

H™(X,0x)5Gy — F°/F' = H"(X,0x)
is the Hasse-Witt map.
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3. The Relative Position of Two Filtrations

Given two filtrations on the de Rham cohomology it is natural to compare
them to obtain interesting information on the variety. In general, if one has two
filtrations on a finite-dimensional k-vector space V

FC:V=F'2oF'o>..DOF™ Ge:GoCGiC...CGr=V

such that rank(G;) = rank(F™ %) the relative position of two such filtrations is
encoded by an element of a double coset of a Weyl group of the general linear group
G = GL(V). Sometimes, the vector space V is provided with a non-degenerate
pairing (, ) and then we can consider the group G = GSp(V) instead of GL(V).
We fix a maximal torus 7" and a Borel subgroup By containing 7" and let W
be the Weyl group of G. The (partial) flags F* and G, determine a parabolic
subgroups Pr and Pg which are conjugate under W. Let Wr = W be the Weyl
group of F'*. Then the relative position of F'® and G, is given by an element of

w(F', G.) S WF\W/Wg.

To define it, recall that if B denotes the variety of Borel subgroups of G then we
have a bijection ¢ : W-—"5G\B x B, given by w ~ the orbit of (B, wBw™!). We
choose Borel subgroups Br C Pr and Bg C Pg and define w(F*, G,) as the double
coset containing (Bp, Bg) and this is independent of the choices of B and Bg.
Note that the double coset Wr\W /Wy is in bijection with Pg\G/PF, cf. [10].

DEFINITION 3.1. Let X be a smooth variety of dimension n in characteristic
p > 0 for which the Hodge-to-de Rham spectral sequence degenerates and let m be
an integer with 0 < m < 2n. We define the pointer w,,(X) of X as the element of
Wr\W/Wg associated to the two filtrations {F*} and {G4} on HJj(X).

We can refine this considerably by choosing full filtrations refining the filtrations

F* and G,

V=0">¢! > ... > pdimlV)

T'pcI'y C... Crdim(v) =V
that are compatible with the action of Frobenius in the following sense. Using
crystalline cohomology we know that F/p* acts on F*/F'*t! and the induced fil-
tration of ®* should be stable under F/p’. Moreover, the filtration ®* induces
via G;/G;_1 & F*~1/F" the filtration I',. Comparing the two filtrations gives the
finer invariant. If we carry this out for principally polarized abelian varieties we
retrieve the Ekedahl-Oort type of the abelian variety, cf. [14] where this invariant
was introduced in a different way. We refer to [4] and to [3], where this will be
worked out in detail for abelian varieties, K3-surfaces and Calabi-Yau’s and leads
to stratifications on moduli spaces (cf. also [10], [5]).

4. The a-Number of a Variety in Positive Characteristic

We are now interested in the case of the cohomology group HJ;(X) with m =
n = dim(X). We shall assume throughout that the Hodge-to-de Rham spectral
sequence degenerates at the Ej-level. Since the pointer w,(X) is a complicated
invariant, we look first at the position of Gy, the image of H"(X,Ox) under the
Frobenius operator in the Hodge filtration F** on H}z(X). We distill an invariant
in the following way.
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134 G. VAN DER GEER AND T. KATSURA

DEeFINITION 4.1. The a-number of X is the maximum step in the Hodge fitra-
tion that contains FJ; (H™(X,Ox)):

abs
a(X) := max{j : F/ H75(X) contains F% (H™(X,0x))},
or equivalently,
a(X) = max{j : F? 2 Gy}.

Note that 0 < a(X) < n = dim(X) and that a(X) > 0 if and only if the
Hasse-Witt map vanishes. Of course, by going from w,(X) to a(X) we loose a lot
of information. If we wish to retain more information we can refine the a-number
slightly by taking the a-vector (ag, a1, ..., amn)(X) with

a;(X) :=dimGyNnF’ j=0,1,...,m.

Sometimes, if H™(X, Ox) vanishes, we can still define an analogue of the a-number.
Consider for example the case of a smooth cubic hypersurface in P8. The Hodge
numbers k¥ with i + j = 7 are

h0,7 — h7,0 — 0’ h1,6 — h6,1 — O, h2,5 — h5,2 — 1, h3,4 — h4,3 — 360,

and we can define
d'(X) = max{j : F? D Ga}.
QUESTION 4.2. i) Can we give geometric interpretations of these numbers? ii)
Is a variety with o(X) = dim(X) rigid?

5. Closed Differential Forms

Let X be a smooth projective variety of dimension n in characteristic p > 0
and let F,us : X — X be the absolute Frobenius. We consider the direct image
Faps«Ox. As a sheaf of abelian groups it is just Ox, but its Ox-module structure
is different: fog= fPg. One way to define the sheaf B;{} is via the short exact
sequence

0 — Qi — Fape, Qi -5 B0 — 0.
Here we view B1Q% as an Ox-module. It can also be viewed as a locally free
subsheaf of F,Q% on X’'. Here F denotes the relative Frobenius. Moreover, we set
Byt = 0. Inductively we define

By = C71(B; k),
where C : Z;Q0% — QY is the Cartier operator. Similarly, we define

ZoQx = Wy, 21V = QTX,d—closed

and inductively ' ‘
Zi1Q% =CHZ;9%) forj>1
We can view these as locally free subsheaves of F/Q% on X ("), the base change of

X under the j-th power of relative Frobenius. The inverse Cartier operator gives
rise to an isomorphism

C7: Q% 5, —Z;0V% /B
We have a perfect pairing

Fabs*Qg( by Fabs*Q?(—i — QY%, (w1, ws) — Clwy Aws).
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AN INVARIANT FOR VARIETIES IN POSITIVE CHARACTERISTIC 135

On the other hand we have exact sequences
0= Yy — Fape 4 —HB1O - 0
and
0 — BIO% " — Fops 25 -50% — 0.
This induces a perfect pairing
B @ BiQY — Q%.

DEFINITION 5.1. (Illusie,. Raynaud) We call the variety X ordinary if the co-
homology groups H*(X, B;Q%) vanish for j > 1 and all 4.

This implies that all global forms are closed, just as in characteristic 0.

LEMMA 5.2. If X is ordinary then a(X) = 0.

ProOF. Consider the exact sequence
0 — Ox—-0x -5 B10% — 0.
In cohomology this gives
H" Y(X,B.0%) — H"(X,0x) — H"(X,0x) — H"(X, B;©2%),

from which it follows that the Hasse-Witt map has trivial kernel and thus that
Go € F}(HR(X)). 0

6. Abelian Varieties

Let X be an abelian variety of dimension g over an algebraically closed field k.
We denote by X |[p] the kernel of multiplication by p. It is a group scheme of order
p?9. The classical a-number of X (cf. [13]) is defined by

a(X) := dimg Homg (ap, X).
Here o, is the group scheme of order p that is the kernel of Frobenius acting
on the additive group G,. Note that Homy(ap, X), the space of group scheme
homomorphisms of o, to X, is in a natural way a vector space over k. If we let
A(X) be the maximal subgroup scheme of X|[p| annihilated by the operators F'
(Frobenius) and V' (Verschiebung), then A(X) is the union of the images of all
group scheme homomorphisms o, — X and we have

a(X) = log, ordA(X).

We have 0 < a(X) < g.

It is well-known that the contravariant Dieudonné module D(X) of X|[p] can
be identified with the first de Rham cohomology Hlg (X) of X. The k-vector space
H: (X) then carries two operators F' and V and the Dieudonné module of A(X)
coincides with the intersection ker(V) Nker(F) on D(X). If we identify the kernel
of F with H(X,Q%) C Hlz(X) then the Dieudonné module of A(X) may be
identified with the kernel of V acting on H(X,Q%). We thus find

D(A(X)) = ker(V : HO(X, QL) —» H(X,04)) = HO(X, B1QY)
and we have
a(X) = dimy H°(X, B1Q%).
We also have the following relation:
F(HY(X,0x)) N H°(X, Q%) = H(X, B,Q%). (1)
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136 G. VAN DER GEER AND T. KATSURA

This follows from the fact that Im(F) = Ker(V) on X[p]. We now show that for
abelian varieties the classical a-number and our a-number coincide.

PROPOSITION 6.1. If X is an abelian variety of dimension g then the two

notions of a-number coincide: if F* and G, are the Hodge and conjugate filtration
on HiR (X) we have

dimy, Homyg (o, X) = max{j : Go C F’}.

PROOF. Recall that Hip (X) = AYH}(X) and if we write Hig (X)=Vi @V,
with V; = H%(X,Q%) and V, a complementary subspace, then the Hodge fil-
tration on Hip(X) is F" = }J_ NVi ® A977V,. We have F(HY(X,0x)) =
F(ANHY(X,0x)) = MF(H (X, Ox)). If we write F(H'(X,0x)) = A® B with
A = H°(X, B;9%) and B a complementary space, then A9(A® B) = A>AQAI*B
with a = dim(A). From this and (1) it is clear that F(HY(X,Ox)) lies in F'*, but
not in Faotl, O

We now show that the a-number has some meaning for the geometry of moduli
spaces.

Let T'(a) be the locus inside the moduli space A4 of principally polarized abelian
varieties with a-number > a. Here A, is viewed as an algebraic stack, or we should
add a sufficient level structure to our abelian varieties. Over A, the de Rham bundle
H}iR possesses two subbundles of rank g, the Hodge bundle E and the kernel F of
F. Then T(a) is defined as the degeneracy locus where E NF has rank at least a.
It is known that dim7T'(a) = g(g + 1)/2 — a(a + 1)/2, cf.[4], [3], [14].

PROPOSITION 6.2. The locus T'(a) in Ag is smooth outside T'(a+1) and the nor-
mal space to T(a) at [X] with a(X) = a can be identified with Sym?(H°(X, B1Q%)).

PROOF. An infinitesimal deformation of the principally polarized abelian vari-
ety X is given by a symmetric g x g-matrix T = (t;;) which can be interpreted as a
symmetric endomorphism of H°(X, Q%), cf. [9], p. 165. This deformation preserves
the a-number of X if it keeps the kernel HY(X, B;Q0) of V acting on H°(X,QY%),
that is, T is a symmetric endomorphism of this subspace. The principal polarization
identifies this subspace with its dual, and this gives us the result. a

PROPOSITION 6.3. Let X be an abelian variety with a(X) = g. Then the
multiplicity of the point [X] on T(1) is g.

PRrROOF. If X is a principally polarized abelian variety with a(X) = g we choose
a base wi, ...,wy of H(X, Q%) and complete it to a basis of Hiz (X) as n1,...,7g
such that (ws,7n;) = &;;. Then for a deformation with parameter a symmetric
g % g-matrix (t;;) we have fori =1,...,9

Fri=wi+ Y tym;
w; = V(Z tiins)-
Then we get
FmA--Ang) =wi Ao ANwg + -+ +det(tsi)m A--- Ang.
But the equation of T'(1) is (F(m1 A -+ Ang),m A - Ang) = det(t;). O
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7. Cohomology of Hypersurfaces

Let X be an irreducible smooth projective hypersurface of degree d in P"*!
given by an equation f = 0. Then the primitive cohomology HJg (X )¢ in the middle
dimension can be described by the Poincaré residue map as follows. Consider the
rational differential forms on projective space

n+1 Q

Q=3 (-1 'zidmo A...Nd&; A... Adzpyy and QF = ————.
=0 Zo .. - Tn41

Note that Q* is a logarithmic form: in affine coordinates we have Q* = duy /u; A

AN dun+1/un+1.
We let £ be the k-vector space generated by the monomials z¥ = z3° ...z, ;1"

with Z’.Lfol w; = 0{mod d) and we let £’ C £ be the subspace generated by the z¥

1=
with all w; > 1, i.e., the elements in £’ are divisible by g . ..z,+1. For an element

z¥ € L we set y(w) = > w;/d.
On £ we have operators D; defined by
o™ of

Di(z¥) =zi— + ziz—2" = wiz" + x5

oz; 1(9_:1:1 oz;

of x®. (2)

There is a natural map
- zv .
¢: L — HIFPTI\X), ¥ (1) Hy- 1)!?79 :
Now we use the Poincaré residue map
Res: Hif'(P"*1\X) — HIR(X)
and observe that the composition p := Res - ¢ factors through the quotient
n+1
W'=L'/C'n> DiL.
i=0
and we get an isomorphism W' = HJp(X)o which is compatible with the pole
order filtration on the source and the Hodge filtration on the target, cf. [8], cf.
also [1],[15]. The image of H™(X,Ox) under the action of absolute Frobenius on
H7p (X) is up to a multiplicative constant given by raising z*/f” to the p-th power
and then reducing the pole order by making use of the relations (2).

8. Fermat Varieties

We give examples of surfaces with a-number equal to 0,1 or 2.

THEOREM 8.1. Let p be a prime different from 5. Let X be the Fermat surface
in characteristic p defined by E?=0 z? =0 in P3. Then the a-number of X satisfies

0 p=1(modb5)
a(X)=<1 p=2 3(mod5)
2 p=4(mod5).

PROOF. We use the description of the (primitive) cohomology H?(X, Ox) with
the Poincaré residue map
Azozriz213

P:V — H%(X), A Res( 7

ar)
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138 G. VAN DER GEER AND T. KATSURA

with V the vector space of homogeneous polynomials of degree 11. A basis of the 4-
dimensional space H?(X, Ox) is given by a; = P((zoz12223)%/2;) for i = 0,...,3.
Since Q* is a logarithmic form the image of ag under Frobenius is given by the
Poincaré residue of

(zox12273)%P (T12223)P

f3r

and using the relations —5zz% = w;z¥ for any monomial z* obtained from (2)
this is equivalent to an expression res(gQ*) with g given by

Q*

(zoz17273)3 217273/ 2  p=1(mod5)
(Toz12273)(T17223)%/f? p=2(mod5)
z(z17273)2/ 2 p = 3(mod 5)
T3T11073/ f p = 4(mod 5)

and similarly for the other ;. This pole order implies that a(X) is as indicated.
O

THEOREM 8.2. Let X be the Calabi-Yau Fermat variety in P" given by the
equation =it 4+ ...+ 27t = 0 with r + 1 # 0 (mod p). Then the a-number of X is
the natural number a with0 < a<r—1 and a =p— 1(mod r + 1).

PROOF. Under the Poincaré residue map (zg . .. z,)"Q*/f" maps to a generator
of H""}(X,0x). The image under Frobenius is (zg...z,)P"/fP" x Q* and using
again the relations (2) we can reduce the pole order pr modulo 7 + 1. But pr =
—p(mod r + 1) and from this the result easily follows. O

There exist varieties of arbitrary dimension with maximal a-number namely
abelian varieties which are products of supersingular elliptic curves. Besides these
abelian varieties the following Calabi-Yau varieties give examples of such varieties.

COROLLARY 8.3. Let X be the (p — 1)-dimensional Fermat variety defined by
ab bt 2Bt =0
in projective space of dimension p. Then the a-number of the Calabi- Yau variety
X is equal to p — 1 = dim(X).

Let X be the 7-dimensional cubic in P® defined by 3°5_, 23 = 0 in P8. Then
H7(X,0x) and H%(X, Q%) vanish, while H%(X, Q%) is 1-dimensional. Let a’(X)
be the maximum 5 such that the Hodge step F contains Gy (which can be seen as
an image of H5(X, (?) under Frobenius divided by p? in H3(X), cf. [7]).

THEOREM 8.4. Let X be the 7-dimensional cubic in P® defined by 3°5_ 23 = 0.
Then we have:

J(X) = 2 p=1(mod3)

5 p=2(mod3).
ProOF. Using again the description of primitive cohomology with the Poincaré

residue map we consider the form
2
(@o...28)" o
6

and then see that the image under Frobenius is equivalent to the Poincaré residue
of gQ* with g given by (z¢...78)%/f% if p = 1(mod3) and (zo...xs8)/f2 if p =
2(mod 3). O
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9. Calabi-Yau Varieties

Let X be an n-dimensional Calabi-Yau variety. Such a variety has a height
which we denote by h = h(X). There are several possible definitions of this, e.g.
with formal groups. Here we take as definition

h(X) — 1 := max{dim H" (X, B;Q%) : i € Z>o}.

One can use the methods of [5] to see that this definition agrees with the definition
using the formal group ®" associated to X. The natural inclusion B;Q} C Q%
induces a natural map 3; : H"~1(X, B;QYY) — H* (X, Q).

LEMMA 9.1. If the natural map 3; : H* (X, B;Q') — H" (X, Q) is not
injective, then lim;_,o, dim H" (X, B;Q%) = oo.

PROOF. The argument is similar to the cases of K3 surfaces, cf. [5].We give
the argument for ¢ = 1. Suppose that 5; has a non-trivial kernel represented by a
cocycle {dfa,,....a, }- Then we have a relation

dfahm,an = Z(—l)jwah...,dj,...,an-

Since the Cartier map H°(U, Qp; qjosea) — H°(U, ;) is surjective on affine sets U
we can find closed forms @y, ..., 4,,...,a, @nd regular functions gq,,....a, on NU,, and
obtain a new relation

fgl_,-l--aandfalw-yan + dgal,...,an = Z(—.l)jaja],...,,&j,...,an‘

One now checks directly that the cocycle at the left hand side represents an element
of H" (X, BoQ1%) which does not lie in the image of H" (X, B1Q%). One also
checks that this element is non-zero. The argument for other ¢ is similar. a

PROPOSITION 9.2. Ifh # 0o then 1 < h < APl 41,
PROOF. If h # oo all the maps (3; are injective. a

REMARK 9.3. We have h1(©) = h1(2"~1), so we a priori could expect a strat-
ification of the moduli with h steps; but the example of K3 surfaces shows that h
cannot assume all values between 1 and 1! + 1. Therefore one should find bounds
for h.

PROPOSITION 9.4. Let X be a Calabi-Yau variety such that the Hodge-to-de
Rham spectral sequence degenerates. Then we have either h(X) =1 and a(X) =0,
or2 < h(X) <oo and a(X) =1, or h(X) = 00 and a(X) > 1.

PROOF. We have h(X) = 1 if and only if the map F,ps : H"(X,0x) —
FO/F! = H"(X,Ox) is non-zero and this is equivalent to Fops(H™(X,0x)) ¢ F!.
So we have h(X) > 2 if and only if the map F maps H"(X,Ox) to F! and then we
have the projection H*(X,0x) — F! — F!/F? = H" 1(X,Q%). Now recall
that we have an isomorphism d : Ox/FOx = BlQﬁ( and from the exact sequence

0— OXLOX I Ox/FOX — 0

we thus get H"~1(X, B1Q%) & H"(X, Ox). We claim that the image of H"(X, Ox)
under F in F!/F? is the image of H"~!(X, B1Q%) in H""1(X,Q%). This can be
checked by a direct computation: if {f;} is a Cech n-cocycle representing a gener-
ator g of H"(X,Ox) then F(g) is represented by {7} and this is cohomologous to
0 in H™"(X,Ox). So there exists an (n — 1)-cocycle hy such that §(h) = fP. The
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image of g in F''/F? is represented by dh;. Now use the proof of the preceding
Proposition. a

COROLLARY 9.5. Let X be the Fermat Calabi- Yau variety of degree r+1 in P,
Assume that the characteristic p does not divide r+1 and satisfies p # 2( mod r+1).
Then the height h(X) is equal to 1 or co. Moreover, h(X) = 1 if and only if
p=1(modr+1).

REMARK 9.6. The corollary holds also without the condition that p #Z 2 (mod
r + 1), but for the proof we then need to use Jacobi sums.

10. Relation with a Result of Ogus

In [12] Ogus proved a result on the order of vanishing of the Hasse-invariant of
a family of Calabi-Yau varieties that is closely related to the a-number introduced
here. Let f : X — S be a family of Calabi-Yau varieties such that for each fibre X
the Hodge-to-de Rham spectral sequence degenerates and such that the Kodaira-
Spencer mapping Ts/x, — R'f.(T'x/s) is surjective. Then Ogus proves that the
Hasse-invariant vanishes to order i at s if Go(X,) C F*(X;). Moreover, under an
additional natural assumption on X/S the order of vanishing is exactly equal to
the a-number of X;.

As an example we consider the family of Calabi-Yau hypersurfaces in P* given
by

X Zm?—5ax1---x5=0.

We have h''! = 1, h%! = 101 and b3 = 204. The Hasse-Witt invariant for p # 5
can be calculated (cf. [7], §2.3)

[(P-].)/5] (5m')

H(a) = Z (m!)5ap—l——5m‘

m=0

This is a polynomial of degree p — 1 in a. For a = 0 we find by using Theorem 8.2
and the formula for H(a) :

PROPOSITION 10.1. Let p be a prime # 5. Then the a-number of Xq is deter-
mined by

a(Xo) = ordoH(a) = p — 1 (mod 5).
We have an action of the symmetric group Ss by permutation of the coordinates
and of u? given by generators

g
'_L)(xl’ C.’L’z, Z3,T4, C4.'L'5)

($1,$2,$3,$4,$5) &(x1;$27cx37x4vc4x5)
g
(21, T2, T3, (4, C1zs)

Then Y, = X,/pd is a mirror family ([11], [2]) with A = 101, A?! = 1 and
bz = 4. We see a 4-step filtration

F3c F?c F'c H;.

It is not difficult to see, with the help of a non-trivial trace map H*(X,, Q&a) —
HY(Y,, Q{,a), that the a-number of Y, equals that of X,.
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