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Recall that we embed

Hi X Hi — Ho, (7'177'2)H(Tl O)

0 D)

A modular form f € Mg(I's) is invariant
under translations 7 — 7 + 1, hence we
have a Fourier expansion

f — Z Spl(Tla Z)qu
[=0

where ; satisfies for all £ € Z:

]‘) 901(7'1, Z T ‘S) — 901(7'1, Z);
: 2
2) pi(1, 2+Em) = e 2T IUIETIHE) gy (7, 2)

Hence for fixed 7 the function (7, 2)
Is a theta function of order 2/ on the elliptic

curve C/A,,.
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We can develop a modular form f €
M. (I's) around Hq x H;.

To f € M7?"(T3) we associate the 2nth
Taylor term (with z = 792)

f=folr,m)z"" + -

We saw that fy € Mp1on(I'1) @ Mpq2,(I'1)
and that

1) f(71,72) € Miy2n(I'1) @ Myy2,(I'1)
2) f(r2,m1) = (=1)*f(71,72)
3) f(r1,72) = (=1)*F2" f (71, 72).



October 27, 2020
Lemma l. For even k we have an exact
sequence

0 — MZ2"T3(y) — MZ*™(Ty)

—Sym?(MZ", (T1)) — 0

Proof. If f € MZ?™"(I'5) then @,(,2)
vanishes with order > 2n at z = 0, hence
we land in Sym? of M,?an(Fl). The only
point Is surjectivity.

Use that @,Sym*(My(T'1)) is generated
by
e4®eq, eVes, ARA
An elt in Sym?(MZ"(I'1)) can be written as

(A® A)"P® P
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with P an (isobaric) polynomial in e4, eg and
A of weight £ — 12n. But

X10P (Y4, Ve, x12) = (A® A)"P® P

and this proves the surjectivity. Q.e.d.

Theorem 1. (lgusa) The ring RS =
DrMosi(I'2) is isomorphic to

C[wlb w67 X10, X12] .

Proof. We note
Mi™(T) = A" My _12,(T)

M7 (D2) = xToMi—10(T'2)
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The generating series of RSV is

> dim My(Do)th =

kEQO

S‘ Y dim Sym?( k+2n( )t

k=50 n=0

— S: S: dim Symz(Mk—lOn(Fl))tk

k=20 n

1 .
= 710 Z dim Sym? (M, (I'1))tF
k

1
(=)L = O (1 - 10 (1 - ¢12)
This shows that 94, ¥, x10 and x12 generate
and are algebraically independent. Q.e.d.

Alternatively we can say

= C[v4, Y6, V10, ¥12] -
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If we assume the existence of a cusp form

of weight 35 (we will show its construction
later) we can treat odd weights too: write

fe M2 (Ty) as

f — Z QOm(Tl, Z)nga

where the functions ¢,, are all odd (as
function of z), hence vanish at the points
of order 2 of the elliptic curve X, . Hence
Oy 1S zero unless

2m > (2n+1)+ 3

Now the first term in the Taylor expansion is
anti-symmetric. So we get an estimate

dim My (T3) <) dim A*MES2  (Th)
n>0
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and

MElS 2 (T1) = A2 M), _105—23(T1)

hence A2 = 0 for k < 35.

The upper bound shows

> dim M, (T'o)t* <
k odd

t35

(1T —t4)(1 —1t%)(1 —¢19)(1 — t12)
Now the existence of Y35 shows that this

upper bound is reached. So we have the
result

Theorem 2. (lgusa) The ring Ry s
Isomorphic to

C[%, Y6, X105 X125 X35]/(X§5 - ')
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2 . . "

where X355 Is equal to a polynomial in
w47¢67X107X12-

lgusa used Eisenstein series to prove this result
and also established the relation with invariant
theory of binary sextics. We will come back
to this later. Igusa also used theta functions
to construct these modular forms and prove
his result.
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Topological Compactification

Consider the embedding H, — B, with
B, given by

2 T

{(T% © > € SymMat(g x g,C) : 11 € HT}
We have
B, =H, xMat(r x (g—7),C) xCy_, @ C

with C; the space of real symmetric matrices of

size [. Recall the stabilizer P, of F'(U) = F;.
The center Z,. of P, acts by

H_l_OO
TETH )



October 27, 2020

for b symmetric of size g — r. For 7 € B, we

write
I A Y
Im(7) = (v’ y2>

Make a real-analytic map
—1
% : Br — Cg—ra T Y2 — U/yl %

This generalizes the map 7 — y for g = 1,
r = 0. Recall that P, is a semi-direct product

Sp(2r,R) x GL(g — r) x R, with R,

(/1. 0 0 n
(m’l_ ! b\

g—r 1 P
< 0 1. —m | ST

0
\o o o0 1,/

with the triple (m,n, b) satisfying n'm + b =
m'n + b’

10
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Lemma 2. The action of P, on H, extends
to an action on B, and the map v, : B, —
Cq—r Is equivariant for this action of P, on

B, and GL(g —m,R) on C,_,.

Moreover, the image of H, in B, maps
under 1, to C;F_T.

Here C;_T Is the cone of positive definite

matrices.

Proof. P, is a semi-direct product. The
center Z, of R, acts by translations. The
centralizer of Z,. is generated by Sp(2r,R)
and R,. Here Sp(2r) is embedded via

(a 0 b O\
le(aab;cad)% oo
c 0 d 0
\0 1 0 1)

11
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and acts via
T Z ’}/1(’7'1) (CT1 -+ d)’_lz
/ — / 1—1
2 T % o — 2 (e +d) ez
Then u € GL(g —r,R) C P, acts by
( h] <U )
T +— / /
wz'  utu

The group R, acts via sending (71, z, T3) to

1 Z+Tim-—+n
x To+m'Tim+mz+2Zm+n"'m+b

For the positivity use the identity

1 0 yr v 1 —y; v
—v'y;t 1 v g 0 1

0 y2— v’yw

12
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to see that if y; > 0 then
Im(7) >0 <= yo — v'y1v >0

Q.e.d.

The cone Ct of positive definite real
matrices carries a quadratic form

(n1,m2) = Tr(mnin2)

and C is self-dual:
Cr={meC:Tr(mm) >0 Vnel}
Define now

W =H, U (UpF(U))

g

with the union over all totally isotropic
subspaces U C Lgq, that is H, union all

13
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the rational boundary components. This is
the analogue of H; LIPY(Q) c P!(C).

Define a topology. For o € X, with >, the
set of coprime pairs (b, d) with bd" symmetric
we define a sphere of influence V. Do this
first for o = 0o = (1,4, 0,): Define VZ as

UI_{r € Fr: pp(o,7) < pr(00,7)Vo € .}

the union of all Vo@ forallr=20,...,g. This
set is preserved by

Py = Stab(oo) = {(8 Z) € Sp(2g9,R)}

Via the transitive action of I';, we get

Ve =77(VZ), A(o)=00

o)

14
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We need a topology on #H . For g = 1 the
basis of nhds of oo is

{r € Hi:Im(m) > ¢}

for real ¢ > 1. Proceed by induction. Suppose
we have a topology on H_; such that
Sp(2g — 2,Q) acts via homeomorphisms. If
U* is an open subset of H;_; we put

UZV;HU* in?—[g_l

and

UC:{(Z Z) € Byg_1:711 € U,¢1(7) > ¢}

T2
_ /,,—1
where 11 (7) = y2 — v'y; v and put

U* = (U*NVE)UU..

15
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Take the weakest topology that is Sp(2¢, Q)-
invariant and for which all U} are open.
This gives a topology and Sp(2g,Q) acts
by homeomorphisms.

Theorem 3. The group TI';, acts by
homeomorphisms on H_ and the quotient
space is compact. [t contains I';\H, as an
open dense subset.

Proof. I'j)\'H} is a disjoint union Uy _ ', \'H,.
Let {7, mod 'y, 7, € H,:n =1,2,...} be
an arbitrary set. We must show it has an
accumulation point. May assume 7, = ,, +
1yn € Iy, the fundamental domain. Then

(yn)kk < (yn)u for k <

(Yn)kt < (Yn)kk

16
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Either all (y,),- remain bounded, then ready,
or there exists 0 < r < g — 1 such that (y,)
remains bounded, but (y,),+1.,+1 does not.
Since 7, € F,; we know |z,,| bounded. Write

e T’Ig,l) Zn with qu,l) < H’r’
L N A A 2, € CTX97T)

n

Here TS) bounded, z,, bounded; can find a

subsequence 7,,, with A 2 and 2, — 2

and Im(Tr,g,f)) — 00. Then

T e yir)
and with v,, = Im(z,,) we have
y2) — U;zy(l)_lvm — 00

so 7(1) is the accumulation point by the
definition of the topology.

17
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We thus have with
FQ\H; — '—'?:OFJ'\HJ'
or put differently
FQ\HZ — Fg\?'[g L (Fg—l\HZ—l)

If I' # I'y, but eg. I' = ['yln] we get
more boundary components; for example, for
g=2and n = 2 we get 15 1-dim. boundary
components, each isomorphic to I'1[2]\H;
and 15 0-dim. boundary components. Now
['1|2]\H1 is compactified by three cusps.
In total the boundary components form a
configuration (153, 153) on which I'y/I'5]2] =
Sg acts.

18
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The Rank One Partial
Compactification

Look again at B,_1 with

™ 2
{7‘2(2% ):7":7',7'167-[91}

T2

sothat B, 1 = H, 1 xC9 1 xC. It contains

H,. The group P,_; acts as stabilizer of
F(U). The center (R or Z in I') acts via

T2|—>7'2—|—b.

Consider H,, . defined as

T < —1
:{< , ):Tleﬂg_l,yg—v’yl v>c}
2 T

19
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P,_1 acts and preserves this.

Divide first by the action of translations
To +— To + 1:

7‘[9 — Hg_l X Cg_l X C*,T —> (Tl,Z,QQ)

2T1TY

with go = € Now the action of P, 4

induces an action on H, 1 x C971 x C* We
can extend this action to an action on

H, 1 x CI™ ! x C.

as follows. The group R,_; acts by sending
(7-7 <, QZ) to

2mwi(m/ Tym+2m’2)

(71,2 +T1m +n,e q2)

Furthermore, + € I';_; acts by sending

20
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(7-17 <y QQ) to
_ i —1
(7(7_1)’ (C7'1 4 d)/ 127 6—27TZ(Z (cT1+d) Z>(J2)

These actions extend over C* C C. What do
we get for g5 = 07 This is

Hy 1 x CI71 x {0}
under the action:
(11,2) — (11,2 +T1m +n)
and
(11,2) = (Y(71), (eri +d)' "' 2).

That gives the (orbifold) universal family
Xy—1 — I'y_1\Hy—1. But we still have

21
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to take into account the action of u €
GL(1,Z) = {£1} via (11, 2) — (71, uz).

For large ¢ € R+ the action of I'; on
H 4. reduces to the action of I'yN P,_; in the
following sense: if V is bounded and open in
H,—1 and we put

Z

U(V,c) = {(2 ) 71 € V(7)) > c}

T2

with 91 = ys —v’yl_lv, then for suitably large
c the action is reduced to P,_1.

Take U(V,c) C H,4. and consider its
Image under

LyNPy_1\Hge = TyNPy_1\Hy_1xCI ' xC

and take the «closure of the image
P,_1\U(V,c). The rank-one partial

22



October 27, 2020
compactification of I'j\H, is the orbifold
obtained by gluing for a covering {V,} of
H,—1 the sets U(V, c) for sufficiently large ¢
over the image of U(V,c) N H, in T')\H, .
Notation

AN
It was introduced by Mumford. It is not
compact, but an orbifold, the union of
A, = T',\'H, and an orbifold divisor D, the
quotient of the universal abelian variety X;,_;
of dimension g — 1 over A,_; by {£1}:

A = A,uD.

It allows a map to Agl) = A, UA,_1. Italso
has a moduli interpretation.

23
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Fourier-Jacobi Forms

Start with the embedding

Hor1 — Hy x CY X H;y

T Z
TZ( % )H(Thzﬁz)

2 T

Consider a modular form f € M,(I'y41). It
IS invariant under 7 — 75 + 1. So we have a
Fourier series:

J = Z om(T1,2) q3"
m=0

called the Fourier-Jacobi series.

24
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Look at the Jacobi group I'’/ generated by
Fg C Fg_|_1 via

abH 1 1
c d C d

and the Heisenberg group R,1 generated by

1, 0 O n
(Tff/ 1 n' B \
0O 0 1, —-m
\o0 0 0 1/

with (m,n,B) € Z9 x Z9 x Z. (This lives
in the stabilizer P, C I';;; of the boundary
component.)

25
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Definition: A holomorphic map
p(11,2) : Hg x CI = W

iIs called Jacobi-form of weight p and index m
if

f=e(m,2)q"
satisfies

Now =1

for all v € TV (plus holomorphicity at cusps

for g =1).

If f € M,(I'y41) then the ¢, are Jacobi
forms.

26
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The relation between the Fourier series

f=> adN)g"

N=>0

and the Fourier-Jacobi series
f — Z QOm(Tl, Z)qgn

IS

Pmly" = ZQ(N)QN
N

with N > 0 running over (n,l l >
" m

27
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Take p = det”. Then for fixed :

Spm(Tla Z T 5) — Spm(Tla Z)

—2mi(mé& T1E4+2mE 2) 0

Om(T1,2+T1E) =€ m (71, 2)

for all £ € Z9.

So for fixed 7¢ the function ¢,, is a so-
called theta function on the abelian variety

X, =C9)Z9 + 179

of order 2m (section of O(2m ©)).

28
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We have for given m a basis for the space
(H°(X,,,0(0))) of such functions:

0. =06l
defined by

@6(7'1,2:) — Z 67Ti((£+€/m)’71(§+€/m)+2(§—l—€/m)z)

£CZ9
Here

€= (€1,...,€4)

with 0 < ¢; < m. The dimension of the
space: mY.

29
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Then we let 71 vary in H,. But we do
not have the basis in level 1. Pull back f to
(appropriate) higher level; then we can write

f — Z Sp’n”L(Tlaz) ds
m=0
and we can express the ¢, in this basis:

7'1, Zh @(m)

Then the h, = A are Siegel modular forms
of degree g (of some level) and weight £—1/2.

We can view the Fourier-Facobi series as
a development along the boundary divisor in
the rank one compactification.

30



October 27, 2020

This can be extended:
Hy — Hg—r X Clg—r)xr o H,

T (7-17 <y 7-2)

and then we can write f € My(I',) as

J = Z Spm(Tla Z)ng

Again for fixed 7 the ¢, are theta functions

for the lattice T ZW@—7)xr 4 Zlg—1)Xr i
C(g—r)Xr_

If
det(m) =0

then the ¢,,, do not depend on some of the 2
variables.

31



October 27, 2020

But for
m > 0

we can write (in higher level)

7'1, Zh @(m)

with now h. of weight
k—r/2

(on some congruence subgroup).

32
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Theorem 1. A modular form f € M,(T,)
of weight p with A\, < g/2 is singular.

Proof. We do the case of p = det”.

Choose 0 < r < g such that we have
k <r/2 and r is even. Write

f= Z ©m(T1,2)q5 with 7 € Hy_p

We have

omdy' = Y a(N)g"
N=(n1,l;l’,m)

If m > 0 then ¢,, = > hO. with h. of
weight k —r /2. If this is negative, then all h,
are zero. So m must be singular if a(N) # 0.
But then f is singular. If &k = /2 then the
v, are theta series, hence singular.

33
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