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Recall that we embed

H1 ×H1 →֒ H2, (τ1, τ2) 7→

(

τ1 0

0 τ2

)

A modular form f ∈ Mk(Γ2) is invariant

under translations τ2 7→ τ2 + 1, hence we

have a Fourier expansion

f =
∞
∑

l=0

ϕl(τ1, z)q
l
2

where ϕl satisfies for all ξ ∈ Z:

1) ϕl(τ1, z + ξ) = ϕl(τ1, z),

2) ϕl(τ1, z+ξτ1) = e−2πiTr(lξ2τ1+2lξz)ϕl(τ1, z)

Hence for fixed τ1 the function ϕl(τ1, z)

is a theta function of order 2l on the elliptic

curve C/Λτ1.
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We can develop a modular form f ∈

Mk(Γ2) around H1 ×H1.

To f ∈ M≥2n
k (Γ2) we associate the 2nth

Taylor term (with z = τ12)

f = f0(τ1, τ2)z
2n + · · ·

We saw that f0 ∈ Mk+2n(Γ1) ⊗Mk+2n(Γ1)

and that

1) f(τ1, τ2) ∈Mk+2n(Γ1)⊗Mk+2n(Γ1)

2) f(τ2, τ1) = (−1)kf(τ1, τ2)

3) f(τ1, τ2) = (−1)k+2nf(τ1, τ2).
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Lemma 1. For even k we have an exact

sequence

0 →M≥2n+2
k (Γ2) →M≥2n

k (Γ2)

t
−→Sym2(M≥n

k+2n(Γ1)) → 0

Proof. If f ∈ M≥2n
k (Γ2) then ϕm(τ, z)

vanishes with order ≥ 2n at z = 0, hence

we land in Sym2 of M≥n
k+2n(Γ1). The only

point is surjectivity.

Use that ⊕kSym
2(Mk(Γ1)) is generated

by

e4 ⊗ e4, e6 ⊗ e6, ∆⊗∆

An elt in Sym2(M≥n
k (Γ1)) can be written as

(∆⊗∆)nP ⊗ P
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with P an (isobaric) polynomial in e4, e6 and

∆ of weight k − 12n. But

χn
10P (ψ4, ψ6, χ12) 7→ (∆⊗∆)nP ⊗ P

and this proves the surjectivity. Q.e.d.

Theorem 1. (Igusa) The ring Rev
2 =

⊕kM2k(Γ2) is isomorphic to

C[ψ4, ψ6, χ10, χ12] .

Proof. We note

M≥n
k (Γ1) = ∆nMk−12n(Γ1)

M≥2n
k (Γ2) = χn

10Mk−10n(Γ2)
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The generating series of Rev
2 is

∑

k≡20

dimMk(Γ2)t
k =

∑

k≡20

∞
∑

n=0

dimSym2(M≥n
k+2n(Γ1))t

k

=
∑

k≡20

∑

n

dimSym2(Mk−10n(Γ1))t
k

=
1

1− t10

∑

k

dimSym2(Mk(Γ1))t
k

=
1

(1− t4)(1− t6)(1− t10)(1− t12)
.

This shows that ψ4, ψ6, χ10 and χ12 generate

and are algebraically independent. Q.e.d.

Alternatively we can say

Rev
2 = C[ψ4, ψ6, ψ10, ψ12] .
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If we assume the existence of a cusp form

of weight 35 (we will show its construction

later) we can treat odd weights too: write

f ∈M≥2n+1
k (Γ2) as

f =
∑

m

ϕm(τ1, z)q
m
2 ,

where the functions ϕm are all odd (as

function of z), hence vanish at the points

of order 2 of the elliptic curve Xτ1. Hence

ϕm is zero unless

2m ≥ (2n+ 1) + 3

Now the first term in the Taylor expansion is

anti-symmetric. So we get an estimate

dimMk(Γ2) ≤
∑

n≥0

dim∧2M≥n+2
k+2n+1(Γ1)
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and

M≥n+2
k+2n+1(Γ1) = ∆n+2Mk−10n−23(Γ1)

hence ∧2 = 0 for k < 35.

The upper bound shows

∑

k odd

dimMk(Γ2)t
k ≤

t35

(1− t4)(1− t6)(1− t10)(1− t12)
Now the existence of χ35 shows that this

upper bound is reached. So we have the

result

Theorem 2. (Igusa) The ring R2 is

isomorphic to

C[ψ4, ψ6, χ10, χ12, χ35]/(χ
2
35 − · · ·)
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where χ2
35 is equal to a polynomial in

ψ4, ψ6, χ10, χ12.

Igusa used Eisenstein series to prove this result

and also established the relation with invariant

theory of binary sextics. We will come back

to this later. Igusa also used theta functions

to construct these modular forms and prove

his result.
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Topological Compactification

Consider the embedding Hg →֒ Br with

Br given by

{(

τ1 z

z′ τ2

)

∈ SymMat(g × g,C) : τ1 ∈ Hr

}

We have

Br
∼= Hr ×Mat(r × (g − r),C)× Cg−r ⊗C

with Cl the space of real symmetric matrices of

size l. Recall the stabilizer Pr of F (U) = Fr.

The center Zr of Pr acts by

τ 7→ τ +

(

0 0

0 b

)
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for b symmetric of size g − r. For τ ∈ Br we

write

Im(τ) =

(

y1 v

v′ y2

)

Make a real-analytic map

ψr : Br → Cg−r, τ 7→ y2 − v′y−1
1 v

This generalizes the map τ 7→ y for g = 1,

r = 0. Recall that Pr is a semi-direct product

Sp(2r,R)×GL(g − r)⋉Rr with Rr























1r 0 0 n

m′ 1g−r n′ b

0 0 1r −m

0 0 0 1g−r









∈ Pr















with the triple (m,n, b) satisfying n′m+ b =

m′n+ b′.
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Lemma 2. The action of Pr on Hg extends

to an action on Br and the map ψr : Br →

Cg−r is equivariant for this action of Pr on

Br and GL(g − r,R) on Cg−r.

Moreover, the image of Hg in Br maps

under ψr to C+
g−r.

Here C+
g−r is the cone of positive definite

matrices.

Proof. Pr is a semi-direct product. The

center Zr of Rr acts by translations. The

centralizer of Zr is generated by Sp(2r,R)

and Rr. Here Sp(2r) is embedded via

γ1 = (a, b; c, d) 7→









a 0 b 0

0 1 0 1

c 0 d 0

0 1 0 1








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and acts via
(

τ1 z

z′ τ2

)

7→

(

γ1(τ1) (cτ1 + d)′
−1
z

∗ τ2 − z′(cτ1 + d)′
−1
cz

)

Then u ∈ GL(g − r,R) ⊂ Pr acts by

τ 7→

(

τ1 zu

uz′ uτ2u
′

)

The group Rr acts via sending (τ1, z, τ2) to

(

τ1 z + τ1m+ n

∗ τ2 +m′τ1m+m′z + z′m+ n′m+ b

)

For the positivity use the identity
(

1 0

−v′y−1
1 1

)(

y1 v

v′ y2

)(

1 −y−1
1 v

0 1

)

=

(

y1 0

0 y2 − v′y1v

)
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to see that if y1 > 0 then

Im(τ) > 0 ⇐⇒ y2 − v′y1v > 0

Q.e.d.

The cone C+
r of positive definite real

matrices carries a quadratic form

(η1, η2) 7→ Tr(η1η2)

and C+
r is self-dual:

C+
r = {η1 ∈ Cr : Tr(η1η2) > 0 ∀η2 ∈ C+

r }

Define now

H∗
g = Hg ∪ (∪UF (U))

with the union over all totally isotropic

subspaces U ⊆ LQ, that is Hg union all
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the rational boundary components. This is

the analogue of H1 ⊔P1(Q) ⊂ P1(C).

Define a topology. For σ ∈ Σg with Σg the

set of coprime pairs (b, d) with bd′ symmetric

we define a sphere of influence V ∗
σ . Do this

first for σ = ∞ = (1g, 0g): Define V
∗
∞ as

∪g
r=0{τ ∈ Fr : µr(σ, τ) < µr(∞, τ) ∀σ ∈ Σr}

the union of all V
(r)
∞ for all r = 0, . . . , g. This

set is preserved by

P0 = Stab(∞) = {

(

a b

0 d

)

∈ Sp(2g,R)}

Via the transitive action of Γg we get

V ∗
σ = γ−1(V ∗

∞) , γ(σ) = ∞
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We need a topology on H∗
g. For g = 1 the

basis of nhds of ∞ is

{τ ∈ H1 : Im(τ1) > c}

for real c > 1. Proceed by induction. Suppose

we have a topology on H∗
g−1 such that

Sp(2g − 2,Q) acts via homeomorphisms. If

U∗ is an open subset of H∗
g−1 we put

U = V ∗
∞ ∩ U∗ in Hg−1

and

Uc = {

(

τ1 z

z′ τ2

)

∈ Bg−1 : τ1 ∈ U,ψ1(τ) > c}

where ψ1(τ) = y2 − v′y−1
1 v and put

U∗
c = (U∗ ∩ V ∗

∞) ∪ Uc .
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Take the weakest topology that is Sp(2g,Q)-

invariant and for which all U∗
c are open.

This gives a topology and Sp(2g,Q) acts

by homeomorphisms.

Theorem 3. The group Γg acts by

homeomorphisms on H∗
g and the quotient

space is compact. It contains Γg\Hg as an

open dense subset.

Proof. Γg\H
∗
g is a disjoint union ∪g

r=0Γr\Hr.

Let {τn mod Γg, τn ∈ Hg : n = 1, 2, . . .} be

an arbitrary set. We must show it has an

accumulation point. May assume τn = xn +

iyn ∈ Fg, the fundamental domain. Then

(yn)kk ≤ (yn)ll for k ≤ l

(yn)kl ≤ (yn)kk
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Either all (yn)rr remain bounded, then ready,

or there exists 0 ≤ r ≤ g− 1 such that (yn)rr
remains bounded, but (yn)r+1,r+1 does not.

Since τn ∈ Fg we know |xn| bounded. Write

τn =

(

τ
(1)
n zn
z′n τ

(2)
n

)

with
τ
(1)
n ∈ Hr

zn ∈ Cr×(g−r)

Here τ
(1)
n bounded, zn bounded; can find a

subsequence τm with τ
(1)
m → τ (1) and zm → z

and Im(τ
(2)
m ) → ∞. Then

τ (1) ∈ V (r)
∞

and with vn = Im(zn) we have

y(2)m − v′my
(1)−1

vm → ∞

so τ (1) is the accumulation point by the

definition of the topology.
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We thus have with

Γg\H
∗
g = ⊔g

j=0Γj\Hj

or put differently

Γg\H
∗
g = Γg\Hg ⊔ (Γg−1\H

∗
g−1)

If Γ 6= Γg, but e.g. Γ = Γg[n] we get

more boundary components; for example, for

g = 2 and n = 2 we get 15 1-dim. boundary

components, each isomorphic to Γ1[2]\H1

and 15 0-dim. boundary components. Now

Γ1[2]\H1 is compactified by three cusps.

In total the boundary components form a

configuration (153, 153) on which Γ2/Γ2[2] ∼=

S6 acts.
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The Rank One Partial

Compactification

Look again at Bg−1 with

{τ =

(

τ1 z

z′ τ2

)

: τ ′ = τ, τ1 ∈ Hg−1}

so that Bg−1
∼= Hg−1×Cg−1×C. It contains

Hg. The group Pg−1 acts as stabilizer of

F (U). The center (R or Z in Γg) acts via

τ2 7→ τ2 + b .

Consider Hg,c defined as

= {

(

τ1 z

z′ τ2

)

: τ1 ∈ Hg−1, y2− v′y−1
1 v > c}
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Pg−1 acts and preserves this.

Divide first by the action of translations

τ2 7→ τ2 + 1:

Hg → Hg−1 ×Cg−1 ×C∗, τ 7→ (τ1, z, q2)

with q2 = e2πiτ2. Now the action of Pg−1

induces an action on Hg−1 ×Cg−1 ×C∗ We

can extend this action to an action on

Hg−1 ×Cg−1 ×C.

as follows. The group Rg−1 acts by sending

(τ, z, q2) to

(τ1, z + τ1m+ n, e2πi(m
′τ1m+2m′z)q2)

Furthermore, γ ∈ Γg−1 acts by sending
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(τ1, z, q2) to

(γ(τ1), (cτ1 + d)′
−1
z, e−2πi(z′(cτ1+d)−1z)q2)

These actions extend over C∗ ⊂ C. What do

we get for q2 = 0? This is

Hg−1 ×Cg−1 × {0}

under the action:

(τ1, z) 7→ (τ1, z + τ1m+ n)

and

(τ1, z) 7→ (γ(τ1), (cτ1 + d)′
−1
z) .

That gives the (orbifold) universal family

Xg−1 → Γg−1\Hg−1. But we still have
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to take into account the action of u ∈

GL(1,Z) = {±1} via (τ1, z) 7→ (τ1, uz).

For large c ∈ R>0 the action of Γg on

Hg,c reduces to the action of Γg∩Pg−1 in the

following sense: if V is bounded and open in

Hg−1 and we put

U(V, c) = {

(

τ1 z

z′ τ2

)

: τ1 ∈ V, ψ1(τ) > c}

with ψ1 = y2−v
′y−1

1 v, then for suitably large

c the action is reduced to Pg−1.

Take U(V, c) ⊂ Hg,c and consider its

image under

Γg∩Pg−1\Hg,c →֒ Γg∩Pg−1\Hg−1×Cg−1×C

and take the closure of the image

Pg−1\U(V, c). The rank-one partial
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compactification of Γg\Hg is the orbifold

obtained by gluing for a covering {Vα} of

Hg−1 the sets U(V, c) for sufficiently large c

over the image of U(V, c) ∩ Hg in Γg\Hg .

Notation

Ã(1)
g

It was introduced by Mumford. It is not

compact, but an orbifold, the union of

Ag = Γg\Hg and an orbifold divisor D, the

quotient of the universal abelian variety Xg−1

of dimension g − 1 over Ag−1 by {±1}:

Ã(1)
g = Ag ⊔D .

It allows a map to A
(1)
g = Ag ⊔Ag−1. It also

has a moduli interpretation.
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Fourier-Jacobi Forms

Start with the embedding

Hg+1 → Hg ×Cg ×H1

τ =

(

τ1 z

z′ τ2

)

7→ (τ1, z, τ2)

Consider a modular form f ∈ Mρ(Γg+1). It

is invariant under τ2 7→ τ2 + 1. So we have a

Fourier series:

f =
∞
∑

m=0

ϕm(τ1, z) q
m
2

called the Fourier-Jacobi series.
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Look at the Jacobi group ΓJ generated by

Γg ⊂ Γg+1 via

(

a b

c d

)

7→









a b

1 1

c d

1 1









and the Heisenberg group Rg+1 generated by









1g 0 0 n

m′ 1 n′ β

0 0 1g −m

0 0 0 1









with (m,n, β) ∈ Zg × Zg × Z. (This lives

in the stabilizer Pg ⊂ Γg+1 of the boundary

component.)
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Definition: A holomorphic map

ϕ(τ1, z) : Hg ×Cg →W

is called Jacobi-form of weight ρ and index m

if

f = ϕ(τ1, z)q
m
2

satisfies

f|ρ,γ = f

for all γ ∈ ΓJ (plus holomorphicity at cusps

for g = 1).

If f ∈ Mρ(Γg+1) then the ϕm are Jacobi

forms.
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The relation between the Fourier series

f =
∑

N≥0

a(N)qN

and the Fourier-Jacobi series

f =
∑

m

ϕm(τ1, z)q
m
2

is

ϕmq
m
2 =

∑

N

a(N)qN

with N ≥ 0 running over

(

n1 l

l′ m

)

.
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Take ρ = detk. Then for fixed τ1:

ϕm(τ1, z + ξ) = ϕm(τ1, z)

ϕm(τ1, z+τ1ξ) = e−2πi(mξ′τ1ξ+2mξ′z)ϕm(τ1, z)

for all ξ ∈ Zg.

So for fixed τ1 the function ϕm is a so-

called theta function on the abelian variety

Xτ1 = Cg/Zg + τ1Z
g

of order 2m (section of O(2mΘ)).
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We have for given m a basis for the space

(H0(Xτ1, O(Θ))) of such functions:

Θǫ = Θ(m)
ǫ

defined by

Θǫ(τ1, z) =
∑

ξ∈Zg

eπi((ξ+ǫ/m)′τ1(ξ+ǫ/m)+2(ξ+ǫ/m)z)

Here

ǫ = (ǫ1, . . . , ǫg)

with 0 ≤ ǫi < m. The dimension of the

space: mg.
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Then we let τ1 vary in Hg. But we do

not have the basis in level 1. Pull back f to

(appropriate) higher level; then we can write

f =

∞
∑

m=0

ϕm(τ1, z) q
m
2

and we can express the ϕm in this basis:

ϕm(τ1, z) =
∑

ǫ

hǫΘ
(m)
ǫ

Then the hǫ = h
(m)
ǫ are Siegel modular forms

of degree g (of some level) and weight k−1/2.

We can view the Fourier-Facobi series as

a development along the boundary divisor in

the rank one compactification.
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This can be extended:

Hg → Hg−r ×C(g−r)×r ×Hr

τ 7→ (τ1, z, τ2)

and then we can write f ∈Mk(Γg) as

f =
∑

m

ϕm(τ1, z)q
m
2

Again for fixed τ1 the ϕm are theta functions

for the lattice τ1Z
(g−r)×r + Z(g−r)×r in

C(g−r)×r.

If

det(m) = 0

then the ϕm do not depend on some of the z

variables.
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But for

m > 0

we can write (in higher level)

ϕm(τ1, z) =
∑

hǫΘ
(m)
ǫ

with now hǫ of weight

k − r/2

(on some congruence subgroup).
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Theorem 1. A modular form f ∈ Mρ(Γg)

of weight ρ with λg < g/2 is singular.

Proof. We do the case of ρ = detk.

Choose 0 < r < g such that we have

k ≤ r/2 and r is even. Write

f =
∑

m

ϕm(τ1, z) q
m
2 with τ1 ∈ Hg−r

We have

ϕmq
m
2 =

∑

N=(n1,l;l′,m)

a(N)qN

If m > 0 then ϕm =
∑

hǫΘǫ with hǫ of

weight k− r/2. If this is negative, then all hǫ
are zero. So m must be singular if a(N) 6= 0.

But then f is singular. If k = r/2 then the

ϕm are theta series, hence singular.
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