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Baily-Borel Compactification

Also called Satake compactification. Recall
we have a topological compactification

FQ\H; — ugzorr\%r

We define a sheaf of rings F: for U open set

f continuous

FU)={f:U — C,
( ) {f f|Uﬂ(I‘g\’Hg)hOIOm-

A ringed space (X,F) is called an analytic
space if for all x € X there is an open nhd U
of x and an isomorphism of ringed spaces

(U, F|U) = (Y, Oy)

with Y C C™ the zero set of finitely many
analytic functions.
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We have the following situation: X a

locally compact Hausdorff space which is

stratified X = U;X,; together with a sheaf

of rings F such that each X; is a normal
analytic space and

1) Xg is dense in X with dim X; < dim X
with = only for 2 = 0. Uj;.qim x,<qX; 1s closed.

2) Every x € X has a basis of open nhds
{U;} such that U; N X is connected.

3) Fix, = Ox,

4) every x € X has a nhd U, such that
elements of F(U) separate points.

Then (Fact): (X, F) is a normal analytic
space and for each d the set X% = Ugimg X;<d
Is an analytic subspace.
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We apply this to I')\H}. Checking the
conditions using induction is not difficult.

Conclusion: I'y\'H} is a normal analytic space.

We want to see that it is an algebraic variety.

Lemma 1. The ring R = @ Mi(I'y) is
integrally closed.

Proof. A graded ring is integrally closed if
every quotient of homogeneous elements that
Is integral over R is in R.

If f1 and fo are two modular forms (of
weights k1 and ko) and f = f1/fs is integral
over R then f is holomorphic since the ring
of holomorphic functions on H,, is integrally

closed. So f is a holomorphic modular form
of weight k1 — k9. Q.e.d.
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We prove that
FQ\HZ — F9\7'[g L Fg—l\%2—1

Is algebraic by induction. The cases g = 0
and g = 1 are clear. We show that I'j\#H
can be embedded in P" by modular forms.

We assume by induction that there are
modular forms

an"'afn

of the same weight (say in M(I'y_1)) that
embed I';_1\H,_; into projective space via:

r = (folz) oo 0 ful())

Now use that

D : Mk(l“g) — Mk(Fg_l)
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s surjective for k large. |f necessay replace f;
by their powers so that these are in the image
of ®. Say

Put Z = set of common zeros of (Fy, ..., F,).
The F; have no common zeros in I'y_1\H
so Z is relatively compact in I' ;)\ H,.

sk
g—1

We know we can construct a modular
form F,, 11 not vanishing on all of Z. By
compactness and after finitely many steps we
have Fy, ..., F, 1, without common zeros in
I')\H,. We may assume that these have the
same weight (take powers if necessary).
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These forms Fy,...,Fyi,, define an
analytic map

T\H; — PY

It is well-defined, but maybe not injective and
maybe not an embedding.

Suppose we have two points (in I';\H,)
with the same image. Then we can find a
modular form separating these points. Add
this form to the F;. After repeating this
finitely many steps we have forms Fy, ..., Fy
that define an injective map

T \H, — P"

The image Y is compact and is by a theorem
of Grauert an analytic subset of P, hence by
a theorem of Chow it is an algebraic variety.
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Any polynomial vanishing on Y Is a

modular form vanishing on I';\#H,, hence is

zero. So the ideal of Y is given by the ideal
of relations between the Fy, ..., Fy.

Replace now the ring generated by
Fy, ..., Fxn by its integral closure. This is
a finitely generated ring (say by Gy, ..., G )
and defines an algebraic variety Y’ together
with an analytic map

L A\H, =Y

r— (Go(x):...: Gpyl(x))
that is bijective. Both spaces are normal

analytic spaces, therefore this must be an
isomorphism of analytic spaces. Q.e.d.

Corollary 1. The ring R; = @ My(L'y) is a
finitely generated ring.
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We can write
.AZ = Proj(@kMk(Fg)) :

The line bundle £ = det(E) is an ample
line bundle on A7. The finite dimensionality
of My(I',) follows immediately and also the

bound dim M (T',) = O(k99+1)/2),

If we consider the fo, ..., fnv € Mi(I'y) on
the rank 1- partial compactification I' ;)\, L
D with D the divisor at infinity with

D~ Xy 1/(£1)

then it is clear that the (pull backs of the) f;
are constant on the fibres of

Xg—l — F9—1\7{9—1
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Indeed, we look for f =)  n(m,2)qy" at
©wo(T, z) and for @, the factor is

6—27Ti(m§’7'1§—|—2m£/z)
So under the map T ,\H, U D — PV
these fibres are blown down (contracted).
This shows that for ¢ > 2 the Satake
compactification is very singular.

It is convenient to have a smooth
compactification of I'j)\’H,. lgusa constructed
a partial desingularization by ‘blowing up the
ideal of cusp forms’. For g = 2 it leads to a
non-singular model of A}[n| for n > 3.

The rank 1 partial compactification
often is a good substitute for a smooth
model. Mumford’'s theory of toroidal
compactifications allows one to construct

9
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smooth compactifications (say of A,|n| for
n > 3) but in general these depend on
choices.

10
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Constructing Siegel Modular
Forms

Theta Characteristics. Consider Riemann’s
theta function on H, x C9

9(7_ Z) L E : ewim/Tm—l—Zwim’z
7 - °

meZ9

Note that such a series converges very rapidly.
For 7 fixed this is a section of Ox (O©)
on X But for z = 0 the function
0(7,0) is a “modular form of weight 1/2".
The transformation behavior was studied
classically.

Y

5] with 7, 0 column

Consider vectors € = [

11
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vectors in {0, 1}9. Define a parity
n'd mod 2.

We have 229 such characteristics and
2971(29 — 1) are odd. We define

6)[6] (7_) _ Z 62772'777, Tm—+m'd/2

men/2+79

|dentically zero for € odd. These define
modular forms of weight 1/2 on congruence
subgroups I'y[4,8|. That is the subgroup of
I',|4] consisting of v = (a, b; ¢, d) with

diag(b) = 0 = diag(c) (mod 8)

We can use symmetric expressions of these to
construct modular forms in level 1:

12
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(611 0101g1) =28 € st

1] 6l6° = 2" x10 € S10(I'2)

€ even

Let us pause to remark that I's has a
character:

sgn

X :Sp(4,Z) — Sp(4,Z/27) = Sg—{+£1}

Reiner showed that

(12 g=1
[FQ:F’Q]:<2 g =2
L1 g>2

13
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with I") the commutator subgroup.

Then one checks

X5 = % H Ole] € M5(T'2, x)

€ even

with E the set of triples (€1, €2,€3) of even
characteristics such that the sum is odd.

g=3

H Ole] = x18 € S18(I'3)

€ even

14
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For g = 2 we have 16 theta characteristics;

10 even ones, 6 odd ones. The fourth powers

of the ten theta constants O[e](7,0)* are
modular forms of weight 2 and level 2:

Ole](T,0)* € My(T'5[2]) .

Call these xq,...,2x19. These satisfy linear
relations like ©1 — 4 — ¢ — 7 = 0 and
span a space of dimension 5. The group
Sg = Sp(4,7Z/27) acts on it. The x; define
a map

AQ[Q] — Pt C P’
and it extends to an embedding A5[2] — P*.
We can determine the equation

10 2 10
<Z xf) —4 Z xf =0
i=1 i=1

15
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and the ring R%V[2] = @®pMsi(I'2]2]) is
generated by the x;. This variety contains
15 (singular) lines intersecting each other in
15 points that together form the ‘boundary’.

There is another model in P* C P® given
In coordinates y1,...,yg by

o1 =0, 0%—40420.

with Gg acting by permutation on the y;.

Then

H(yz’ — Yj)

i<j
defines a Gg4 anti-invariant modular form x3g
of weight 30. Multiplied by x5 gives a modular

form xs5 € M35(I'2).

16
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The odd theta characteristics are zero for
z =0: 0le](7,0) = 0.

Consider for odd € the gradient of 8¢ (T, 2)

00| := (aizle[ﬁ] : %‘9[6] )i(7,0)

This i1s a vector-valued modular form of
“weight (1,1/2)" , that is,

p(7) = (cr +d) - \/det(er + d)

on a congruence subgroup; the group is
5[4, 8].

More generally: the transposed gradients

(90]e] /021, ..., 00 /Dz,)

defines a holomorphic section of E ®
det(E)!/2 on the congruence subgroup

17
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I'y|4,8] of v = (a, b; c,d) satisfying
v = 12, mod 4, diag(b) = 0 = diag(c) mod 8

Then one finds

Xes = || 96l€] € Ss5(I'2,x)
e odd

with x a character and
X6,8 = X5 X6,3 € 96,8(I'2)
Here p() = Sym®(cr + d) det(cr + d)8.

Let me give the beginning of the Fourier

18
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series:

xXe3=| CQR+2R™1') | Q1Q2+ -

where Q1 = ™1, Q9 = €™7™2 and R =

1T
ez,

19
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Theta Functions of
Unimodular Lattices

Let L be an even unimodular lattice of rank
2k with (, ) the bilinear form. Define for
| =(l1,...,l;) € L9 the matrix

G = (liylj)1<i<g

and

Q9%1)(7) — Z emiTr(GiT). reH,
l€LY

We have 19(Lg) = > a(n)q"™ with

an)=#{le L:G =2n}

20
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Fact: 19(Lg) e Mp(Ty).

Proof: Poisson summation formula. In its
simplest form this formula says that, if f :
R™ — C and A C R" is a lattice, we have
(provided all expressions converge)

Zf Vol R”/A Z fn

lEA pneAY

with f fRn Je 2 Ydx with AV the
dual Iattlce

Remark 1. We have 2k = 0 (mod 8).

We note
—1
@(19([9)) = 19([9 ).

21
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Example:

1
Es={veZ®+ (Z—|—§)8 ; Zvi = even}
Then forg =1,2,3
19%]8) = weight 4 Eisenstein series of degree ¢

For 2k = 16 there are two isomorphism classes
of even unimodular lattices L1 = Es® Fg and
Lo = Eqg. We consider

90— 9 € (T,
Then this is zero for g = 1,2,3. But forg =4
0 1(/1(9) L 19(9) S<(T
# Ur L, € Ss(l's)

This form is called the Schottky form ¢s.

22
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Consider
t: My — Ay = F4\H4, C— JaC(C)

the Torelli map with M, the moduli space of
smooth curves of genus 4. Note dim My, = 9,
dim ../44 —= 10.

Then ¢g vanishes on the image of ¢.

In rank 24 there are 24 isomorphism classes
of even unimodular lattices: the Niemeier
lattices. Hence we get 24 theta functions

99, i=1,...,24,

One of these without vectors of length 2 is
the Leech lattice.

Others include 24A1, 12A2,. . D24.

23
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The Fourier coefficient a(n) of ﬁ(Lgi) is
a(n) = #Aut(Z%,2n) - m(L;,n)

with m(L;,n) = number of sublattices
iIsomorphic to Z9 with bilinear form 2n.

One can show that these 24 theta series
are linearly dependent for g < 12, but
independent for g > 12

Example 1. Let Li=Leech, Lo = 24A; and
L3 =12A,5. We then have

L .« 1
A= 207 —9L).
And for g = 2:

1 2 2 2
Y12 = 5 (V7] = 307 +20})

24
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Let £,, be the set isometry classes of even

unimodular lattices of rank n. This is a finite

set. Let C|L,,] be the vectorspace generated
by the elements of L,,.

We get a map
0, : C[L,] = M, 5(Ty), L0

We have
ker 0, C ker0,_,

giving a filtration on C|L,|. For g > n the
map 6, is injective.

25
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Theorem 1. (Chenevier-Lannes) The map
Hg : C[£24] — Mlg(rg)

Is surjective and induces and isomorphism
ker6,_1/ ker 09%312(1“9) for g < 12. The
dimensions are given in the following table.

g 1121 3] 4] 5 6

dimS;(Ty) 1 | 1 | 1] 2 2| 3
dimMyT,) 2 3 | 4 6 | 8 11

g 7 8 9 10 | 11 | 12

dimS;.(Ty) | 3 4 2 2 1|1
dim My5(Ty) |14 |18 20 |22 23 24

26
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More Literature

J.-I. lgusa: Theta Functions. Springer
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G. Chenevier, J. Lannes: Automorphic
Forms and Even Unimodular Lattices.

Springer 20109.

27



