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Harmonic Theta Series

L even unimodular of rank n with
quadratic form @ = (, ). Choose elements

€1,...,€q

that span a totally isotropic subspace of
V=L®rC

with the property that

Q(e’uéj) > 07 1< 7’7] < g

For a vector [ = (4,...,l;) € LY we consider
g X g matrix

Q(li76j)
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Fact:

ﬁL,e,k _ E :det lz,€] k W@Tr(GlT)
leL9

s a Siegel modular form of degree g and
weight n/2 + k.

Theorem 1. (Bocherer) Every cusp form of
degree g > 1 and weight n/2 + k with n >
2g, k > 0 and n = 0(modR8) is a linear
combination of theta series of the form Uy, . i
with L an even unimodular lattice of rank n.

We have a variant for vector-valued
modular forms.

Example. Take the lattice

A={xeZU(1/2+2)"%:) x; €27}
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Put a = (2,4,4,4,1,0,...,0) € C!%. Define
a vector-valued function (Fp, ..., Fgs) with F;
given by

Z (2,a)87(y, a)? ™ (@) T+2(@y) 112+ (y,y)722)

x,yeA

Ibukiyama proved that this is a non-zero
cusp form of weight (6,8), that is for
p = Sym®(St) ® det(St)8.

We know dim Sgg(I'2) = 1, hence this
form is a multiple of xs s.
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Restricting Modular Forms

Witt restricted modular forms of degree 2 to
the ‘diagonal” H; X H1 — Ho. We saw that
the first Taylor term of f € My (I's) in

f= f()(Tl,TQ)Zn + ...

defines an element of My, (I'1) @ My, (I'1).
We generalize this.

L = (Z?3,(,)) our standard symplectic
lattice. If we write

L=1)® Lo

an orthogonal product of two standard
symplectic lattices of rank 2g; and 2¢g-> with

4
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29 = 2g1 + 295 then this gives an embedding
Sp(2g1,2Z) x Sp(292,Z) — Sp(29,7Z)
and noting that H; = Sp(25,R)/U(j) it

defines an embedding H,, x Hy4, — H4. This
iInduces a map

Lo \Hg, X T\ Hy, = Tg\Hy,

that is generically of finite degree.

Take f € My(I'y) and pull it back to
Hy, X Hg,. We get a form

f1® fa € Mg(Ty,) @ My(L'y,)

It may happen that f vanishes on the image

5
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of Hy, X Hg,. We write

T1 Z
T — /
4 T

and we consider the Taylor series of f in the
coordinates of z € Mat(g; X ¢g2,C). The
action of I'y, X I'y, is via

(3 jz) 7 (Mf(i’ﬁ) w(iz)>

Z=(cim +di) tzlcama +do) 7!

with

Or in more invariant terms writing X, =
X, for the abelian varieties we have for the
deformation space of X,

Def(X,) = Sym*(Tx,) = Sym®(Tx, @ T,)

6
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and this can be written
— Sme(TXl) G (Tx, ®Tx,) & Sym2(TX2)
hence the normal space is

TXT1 & TXT2

with coordinates z;; = (; ® n;, hence the
conormal bundle is

Pi (Eg1) R p3 (Egz)

with p; : D \Hg, X Do \Hg, — Ty \H,, the
projection.

So we write our f € My(I'y) as

f=to(f)+ti(f)+ -
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where t4(f) is the sum of the terms of total
degree d in the coordinates z;; of z.

If to(f) = 0 then ¢1(f) is a section of
NY ® det(E)*

with

NY = pi(Egy) ® p3(Eg,)
the conormal bundle. So if t3(f) = 0 then
t1(f) is a section of

det(E,, )" @ det(E,,)* @ NV
hence a vector-valued modular form

ti(f) = f1® fo

with f; a section of

det (E91)k ® By,
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If to(f) = -+ = t;(f) = 0 then t;1(f)
gives a section of

det(E,,)* @ det(E,,)* @ Sym' ™ (NVY)

These are vector-valued modular forms.
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Examples

Consider the ‘diagonal’ embedding
Hl X Hg_1 —> Hg .

If f € M(I',) vanishes along H1 x H,_1 with
order r — 1 then

:(f) € M (T1) © M(T,y1)

with
p = Sym’ (St) ® det(St)"
because Sym" (NV) @ det(E)* is equal to

E/"" @ Sym"(E, 1) ® det(E,_1)".

In other words, t.(f) is of degree r in the
coordinates and I'y and I',_; act on the row

10
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vector z € CY by
2z — (c1m + d)_1 2 (coTo + dg)_l

Here 71 € H{, ™ € Hg_l.

11
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Restricting ¢s € Ss(I'y)

The Schottky form f = ¢g vanishes on the
image of Hs X Ho and of Hqi X Hs3 because
dim Sg(I";) = 0 for g < 4. We give a table
for dim Sk(l“g).

g\k | <8 819 10 11 | 12
1 0 0 |0 0 0 1
2 0 0 |0 10 1
3 0 0 |0 0 0 1
4 0 1 |0 1 0 2
5 0 0 |0 0 0 2
6 0 0 |0 10 3
70 0 0 0 0 3
3 0 00 >1 0 | >4

L ater we shall treat results on the dimension

12
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of spaces of Siegel modular cusp forms (results
of Taibi and Chenevier).

Consider restriction of ¢g to Hi X Hs.
Then to(f) = 0. Furthermore

t;(f) =0 for i odd

Also to(f) = 0 because to(f) = f' ® f” with
f’ c Slo(rl) = (O) Then

ta(f) = f @ f" € S12(I'1) ® S4,08(I'3)
with My o s(I'3) the space of sections of
Sym4(E3) & det(E3)8

In other words p = Sym*(St) ® det(St)%.

13
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One checks:

ta(Ps) = A ® X4,0,8

IS @ non-zero cusp form. In some sense both
A € Slg(rl) and X4,0,8 € 54,(),8(F3) are the
‘first’ cusp form for I'y and the ‘first’ vector-
valued cusp form for I's that one finds.

Restricting ¢g to Ho X Ho.

We write Mj’k(rg) = Mp(rg) for
g=2 and p= Sym’(St) ® det(St)"

Now restrict ¢g to Ho X Ha;

We have to(f) =0, t;(f) = 0 for ¢ odd.

ta f) =@ ["

14
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with

fr=f"e S2s('2) = (0)
For t4 we have to decompose for two vector
spaces V', V" of dimension 2

Sym* (V' @ V)
we get three terms
Sym*(V')@8ym*(V"),
and
Sym?*(V') @ A2 (V)@Sym?*(V") @ A*(V")
and

AV @ AP(VYe A2 (V)@ A2V

15
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But t4(f) is symmetric under interchanging
the factors Ha X Ha. So t4(f) lands in

Sym?(My (T's)) & Sym?( Mz +1(T2))
BSym” (Mo +2(T2))

for k = 8. Indeed, t4(f) gives only the term
Sym?(x10) € Sym*(S1o(I'2))

Similarly, projection of tg gives

X6,8 ® X6,8 € Sym2(56,8(F2))

(It does not interfere with 4th order terms..)

Again x19 and xg.s are the first scalar-
valued and the first vector-valued cusp forms
for g = 2.

16
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The Rankin-Cohen Bracket

Let f be a holomorphic function on H,.
We define a g X g matrix by

14+0;;0f
2 87’2']'

01 = (
We have the formulas
(f o) = (cr+d) {(Df) o v}(er +d)
and
O(det(cr +d)) = det(ct +d) - (et +d) e
One thus shows for f € My(I',):

(0 f)(v(7)) = det(er + d)*(cT + d)
{(CT +d)" ke f(r) + (9f('r)} (et + d)’
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We put for F' € M(I'y) and G € M;(T')

F,G](7) —L.

= —(kFOG —1IGOF)(1)
271
Let now p = Sym?(St).

Proposition 1. For F' € Mi(I'y) and G €
M;(T';) we have

[F, G] - Mp®detk+z(rg)

Moreover the bracket satisfies

F,G] = —|G, F]
FIG. H| + G[H, F| + H[F.G] = 0
FG,G) = GIF., G

18
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Proof. Consider

k 1 1
Vif =g (r=7)" f+5-0f
Then
F,G] =kFV,G—IGViF
We know

V(1) =A(7) = (er+d) (T =7)(eT + )7

One checks that Vi f for f € Mi(I'y) is
a (°°-function that behaves like a modular

form of weight p ® det" ",

This implies that [F, G| satisfies the
required transformation formula. But it is
holomorphic. Q.e.d.

19



November 3, 2020

A Variation for g = 2

If V' is a 2-dimensional vector space then
AZSym? (V) = Sym?*(V) @ det(V)
as GL(V')-representations, hence
A2Sym?(Es) = Sym?(Ey) @ det(E»)
Proposition 2. Let f; € My (I's) for i =

1,...3. Then with p = Sym?(St) the
expression | f1, fa, f3] equal to

k1f10faNOf3+kaf20f3NOf1+k1f30f1NO [z

is a form in M o 4 ki+kathst1(I'2).

20
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Proposition 3. Let f; € My (I'2) for i =
1,...4. Then

4
[f1, S, f3, fal = ) (=) ki fi(Aj2i0 ;)
1=1

is in My 1 kgt ks kg +3(12).

Example: take generators 14, 94, X10, X12
of RV = @i Msr(I'3). This gives a form 35
of weight 35. We know

R = ®,M(T2) = R*[x35]/(x35 — P)

with P a polynomial in ¢4, ¥g, X10, X12.

21
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Forms of Weight (2, k)

Let M = &M (I'2). This is a module
over Rs. We have a variant M® =
Bk even M2 ('), @ module over RSY).

We can construct elements here

10 = [¢47 ¢6] Bia = [¢47 X10]
V16 Y4, x12] 16 Vs, X10]
€18 Vs, x12) (22 X105 X12]

The relation for Cohen-Rankin brackets
alb, c] + blc, a] + cla,b] = 0

applied to triples of 14, 94, X10, X12 gives rise

22
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to relations

r12 : Y4016 — Y614 + X10010 = 0,
r10 : Ya€18 — Yey16 + X120010 = 0,
6 = Y422 — X10716 + X12814 = 0,
T4t Y6C22 — X10€18 + X12016 = O.

of weights 20, 22,26 and 28. We then have
the syzygy:

S32:  X12T12 — X10710 + Yere — Wary =0

We claim that this describes the module M€V,

The structure of MY was determined by
Satoh in 1986.

Theorem 2. The module M*®' is generated
over R® by the six forms

10, 514, Y16, 5167 €18, C22

23



November 3, 2020

with the relations r4,7¢,710,712 and the
Syzygy s32.

Proof. Suppose we have a relation

J40V4 + [60V6 + f100010 + 120012 = 0

with f; € My_;(T5). This implies that

a4 + fes + froxi0 + fi2x12 =0

and hence that the form

| faa, fets, f1oX10, f12X12]

vanishes. Since (14, ¥s, X10, X12], @ multiple
of x35, does not vanish it follows that f4, fs,
fio and fio vanish. Using the relations we
find that the subspace of M ;(I'2) generated

24
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by our six generators consists of the forms

aq.60010 + @4,108014 + a4.12716
+a6.10016 + @6,12€18 + A10,12(22

with as; € My_4—1(I'2), as; € Mp_s_; N

Cls, x10, X12) and  ajp12 € Mg_9o N
Clx10, X12]|. If we suppose a non-trivial linear
combination as above vanishes then we find

a relation
by0V4 + bgOYs + b100X10 + b120X12 =0

and the coefficients b; must vanish. But we
have

40y =  —as6Y6 — Aa,10X10 — @4,12X12
6bg = a4.6¥4 — A6,10X10 — @6,12X12
10010 =  a4,10%4 + a6,10%6 — A10,12X12

12012 = a4,12%4 + a6,12%6 + a10,12X10

25
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Using the algebraic independence of 14, s,
110 and 112 one deduces that the coefficients
a; ; vanish.  Thus we can calculate the
dimension of the subspace of My that
these forms generate. Indeed, the generating
function of the submodule generated by

10, - - '7C22 IS

th + t14 + 2t16 + t18 L t20 . t26 . t28 + t32
(1T —t4)(1 —t9)(1 —¢19)(1 — t12)

Now one uses that one knows the dimensions
of Mo 1(I'2) or uses the fact that

3
4-6-10-12

= 3 deg(\3)

to see that this submodule exhausts M¢V =
Dk evenMZ,k(FZ)-

26
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For the RS$Y-module M©dd —= BrMs ok4+1(1'2)
we find generators

21 = Y4, Y6, X10], P23 = (Y4, Ve, X12);
Yor = |4, X10, X12], 020 = U6, X105 X12]

that satisfy the relation r33 of weight 33

12x 12021 — 1010823 + 6167y27 — 41D4029 = 0.

Theorem 3. The RS -module M°4d s
generated by the forms a1, 823, Yo7, 029 With
one relation ras.

Similar results were obtained for

7 = Bk even Ma 1(I'2)

and similarly M944 for d = 4, 6, 8, 10 by
Ibukiyama, Kiyuna, Takemori and van Dorp.

27
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Later we will see a more systematic method
to get such results using invariant theory.

28
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The ng @j,ij,k(FZ)

In degree 2 one can provide the Ry module
M = @k M; 1 ('2)

with the structure of a ring. The
multiplication is defined by using the
projection of GL(2) representations

Sym™(St) ® Sym™(St) — Sym”™ " (St)

with St the standard representation, by
interpreting Sym?(St) as the space of
homogeneous polynomials of degree j in
two variables, say x1,r2 and performing
multiplication of polynomials.

29



November 3, 2020

Applying this to symmetric powers of the
Hodge bundle which is obtained as a quotient
of $5 x C? where GL(2) acts by the standard

representation on C? gives the required map

Mj1,k1 (FZ) XMJ’QJ@(FQ) — Mj1+j2,k1+k2(r2) :

This ring is not finitely generated as shown
by C. Grundh.

Proposition 4. The ring M is not finitely
generated.

Proof. Suppose that f1,..., f, are generators
of M of weights (j;,k;) for ¢« = 1,...,r.
Recall that the corank of f € M, x(T'y) is <1
if 74+ k > k, that is, if 7 > 0. Therefore
O(f) € Sj+x(l2) for j > 0. If F € M, with
j > max{ji,...,Jr} then we can write F as
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a C-linear combination of products
117
(8

of the generators and in each product at
least two factors have j, > 0. Therefore
the image of such a product under ® lies in
the ideal (A?) of R;. But we know that
for large enough weight the Siegel operator is
surjective. So if we choose an F' of weight
(j,k) large enough and such that ®(F) is
divisible by A, but not by A? we see that it
cannot be expressed by our f1,..., f.. Q.e.d.
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