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We determine the cycle classes of effective divisors in the compactified Hurwitz spaces
ﬁd,g of curves of genus g with a linear system of degree d that extend the Maroni divisors
on Hg4. Our approach uses Chern classes associated to a global-to-local evaluation map

of a vector bundle over a generic P!-bundle over the Hurwitz space.

1 Introduction

Let C be a smooth projective curve of genus g and let y : C — P! exhibit C as a simply-
branched cover of degree d of the projective line. Then we can associate to y a (d —
1)-tuple o = (a1, ...,aq-1) of integers with ) ;a; = g + d — 1 by considering the kernel
of the trace map y,O¢ — Op1; this is a locally free sheaf of rank d — 1 on P!; hence by
Birkhoff-Grothendieck its dual can be written as &;0(a;), where we may assume that
the a; are listed in non-decreasing order. For sufficiently general C and when d < g
this (d — 1)-tuple @« = (a;,...,a4_1) has a geometric interpretation as the type of the
scroll in the canonical space P9~ of C with fibres the P42 spanned by the fibres of
y. The invariant « allows one to define a stratification on the Hurwitz space Hg44 of
genus g degree d simply-branched covers of P!, with the strata corresponding to these
(d — 1)-tuples «.
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In the case of trigonal covers this stratification was studied by Maroni (see [14])
and the stratification is named after him. The numbers a; are sometimes called the
scrollar invariants of the cover y and seem to appear first in a paper by Christoffel
dating from 1878 (see [3, pp. 242-243]) and alternatively can be characterized as the
numbers n where the function h!((n — 1)D) — h'(n D) jumps with D a divisor of the linear
system given by y. These invariants attracted attention by the work of Schreyer [17]. A

result of Ballico [1] implies that for a general cover y of genus
=(d-1Dk+s with 0<s<d-1

the (d — 1)-tuple « is of the form (k +1,k+1,...,k+1,k+2,...,k+2)withd—-1-s
terms equal to k + 1. If s = 0 one expects that there is a divisor where the type « jumps
and this holds indeed as was proved by Coppens and Martens in [4]; see also [15] and
[7, p. 13/14]. For an overview of the theory of these Maroni loci we refer to the thesis of
Patel [15, 16].

These strata M, are divisors only if g is a multiple of d — 1, say g = (d — 1)k
and then « = (k,k+1,...,k+ 1,k + 2). It is natural to ask for the divisor classes of
the closures of these Maroni loci in the admissible cover compactification Hg, intro-
duced by Harris and Mumford in [10]. This question was studied by Stankova—Frenkel
in [18] for the trigonal case and for degrees 4 and 5 by Patel in his Harvard thesis
[15]. Patel determined classes in a partial compactification of the Hurwitz space. Deop-
urkar and Patel calculated the class of the closure of the Maroni divisor in the trigonal
case in [5].

In this article we consider the general case and we construct certain effective
divisors containing the closure of the Maroni divisor and calculate their classes. We
do this in a series of steps. We start by constructing a good model for the universal
d-gonal map y : C — }P’i‘d’g, where a good model stangs for a proper flat and finite
map y : Y — P that extends y over a normalization Hg, of H44. This allows us to
extend the vector bundle V over ]P’l used to define the Maroni invariant « to a reflexive
sheaf over the compactification P and ignoring codimension > 3 loci we may consider
it as a vector bundle. However, since the fibres of the projection p : P — Hd,g of the
compactified space P are no longer always isomorphic to P!, but can be chains of P!,
we cannot directly extend the definition of «. Instead we extend the Maroni divisor
as follows.

First we twist the extended vector bundle V by an explicit line bundle so that we

get a vector bundle V' on P which restricted to a general fibre of p is trivial. We associate
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a divisor class on P to the global-to-local evaluation map
ev:p'p,V — V

and show that this divisor class is represented by an effective divisor whose pullback
under a section of P gives an effective divisor my on ﬁd,g that extends the Maroni divi-
sor on Hggy. Our idea of using the morphism p*p,.V’ — V'’ was inspired by a paper of
Brosius [2].

The vector bundle V (or rather reflexive sheaf) that we use is an extension of
the dual of the cokernel of the natural map (’)P%{ y — ¥,0Oc. It is obtained by taking the
structure sheaf on Y and taking the dual V of the cokernel of the natural map ¢ : O —
7.0y and by twisting in a standard way V' = V ® M, where M is an explicitly defined
line bundle on P. With these choices our construction yields an explicit effective divisor
class mg; that extends the Maroni divisor. We express the class my explicitly in terms of
the classes of boundary divisors of the compactified Hurwitz space.

But we can replace Oy by any effective line bundle £ on Y that extends the
trivial line bundle on C and instead take the dual V. of the cokernel of the natural map
t: O — p.L. And then after twisting by M we can twist by an arbitrary line bundle N
corresponding to a divisor with support on the boundary of P, that is, the singular fibres
of the generic P'-fibration, as the result remains trivial on the generic fibre of p. Doing
this produces variations m, y of mg each of which is a class of an effective divisor that
extends the Maroni locus. In particular, with £ trivial varying N allows us to get rid of
the specific choice of M to make V trivial on the generic fibre.

We study the effect of changing £ and N on the resulting effective divisors m, y.
By appropriately choosing £ and N we often can reduce the divisor my by removing
superfluous divisors supported on the boundary. In fact, the effect of twisting is qua-
dratic and we can find the critical points of this quadratic function. But these critical
points correspond to elements in the rational Picard group and we thus have to approxi-
mate by integral points. If we take £ trivial and vary IV the result is a completely explicit
combinatorial formula (Theorem 9.3) for this effective class in terms of the boundary
classes of the compactified Hurwitz space and it involves only local contributions. If we
vary also £ it involves global classes (Theorem 10.4), but under certain assumptions the
contributions still can be given explicitly (Theorem 11.3) and then finding the optimal
choices of (£, N) reduces to a combinatorial problem.

The rational Picard group of the compactified Hurwitz space is conjectured to

be generated by the classes of the irreducible boundary components. In any case, we
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work inside the subgroup generated by these boundary components. We can define an

effective divisor containing the Maroni class by
Mmin = NeyMey,

where £ and N vary. We do not know whether my;, coincides with the closure of the
Maroni locus, but in the trigonal case (d = 3 and g even) it does: the class of the closure
of the Maroni locus coincides with m, y for suitable (£, V). In fact, in [5] Deopurkar and
Patel determined the class of the Zariski closure of the Maroni divisor in the trigonal
case and we show that an appropriate choice of £ and N reproduces the class found
by Deopurkar and Patel. We also show that the effective class found by Patel in [15]
containing the Maroni locus on a partial compactification is in general larger than the
class of the Zariski closure of the Maroni locus. We point out that we do not use the
standard tool of test curves that seems inadequate here.

In a subsequent paper ([20]) we construct analogues of the Maroni stratifications
for the case where the genus g is not divisible by d — 1 that possess strata that are
divisors. The methods in this article extend to that case.

We hope that this method to determine the class of an effective divisor extending
the Maroni divisoris of independent interest for studying cycle classes on moduli spaces.

We finish with a remark on the terminology. We will encounter reflexive sheaves,
but as these are locally free outside a locus of codimension > 3 on smooth spaces,
the fact that these are not necessarily locally free will not affect our divisor class cal-
culations and frequently we will treat these reflexive sheaves as if they were vector
bundles. Finally, we will often use the same symbol for a divisor and its divisor class

or cohomology class.

2 Maroni Loci

Let Hqaq be the Hurwitz space of genus g degree d simply-branched covers of P' over
the field of complex numbers with ordered branch points on P!. Here simply-branched
means that every fibre contains at least d — 1 points. It is a Deligne-Mumford stack of
dimension 2g + 2d — 5. To a simply-branched cover y : C — P! we can associate an exact

sequence of sheaves
0—> & — y*OCLOpl — 0,

where tr stands for the trace map and & = ker(tr). Since tr is multiplication by the

degree d on the pull back of Op1 under y, the sequence splits and &, is locally free as a
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direct summand of a locally free sheaf. Let £ = £ be the dual locally free sheaf, which
we view as a vector bundle V of rank d — 1. As a bundle on P! it can be written as a
direct sum ®%'O(a;) with %' a; = g + d — 1. For a given cover y we can look at the
type, that is, the (d — 1)tuple « = (a,,...,aq_;), where we may and will assume that
a; < a; <--- < aqg_1. Such a type defines a locus M, in H,44, namely the Zariski closure
of the set of covers y whose associated VV has type «. We are interested in the case where
such a Maroni locus is a divisor. According to a result by Coppens and Martens (see [4])
and Patel [15, Theorems 1.13 and 1.15] we find that this happens if and only if the genus

is a multiple of d — 1, say

and that then generically we have o = (k+1,...,k+ 1), that is, V is balanced, while for
a point on this divisor generically we have o = (k,k+1,...,k + 1,k + 2). Moreover, the
divisor is irreducible. Thus for covers y : C — P! with g = (d — 1)k not contained in the
Maroni locus M, with o« = (k,k+1,...,k + 1,k + 2) the vector bundle V is balanced,
while generically on the Maroni locus we have a minimal deviation from this behaviour,
see [15, Theorem 1.15].

We are interested in the cycle classes of this Maroni divisor. By a P!-fibration we
mean a morphism p : P — X, where P is the projectivization of a rank 2 vector bundle on
X. In our case we have a P'-fibration P over our base together with a vector bundle V on
P. We may twist the vector bundle V by tensoring by O(—k — 1), that is, by O((—k — 1)S),
with S the image of a section of the P!-fibration. Carrying out the above construction
in families we arrive at the situation, where we have a vector bundle V of rank r on a
P'-fibration P over Hgq, that is trivial on the generic fibre P! and has minimal deviation
O(-1)®0&---0O®O(1) on adivisor in Hg4 (and larger deviations in higher codimension
only). This will imply that the support of R!p,V has codimension > 1.

So suppose that we have a P!-fibration p : P — X, with X a smooth base, and a
vector bundle V of rank r (or more generally a reflexive sheaf) on [P which is trivial on

the generic fibre. We consider the canonical global-to-local map of sheaves on PP
ev:p'p,V—V

given by evaluation. We note that p,V is a reflexive sheaf (isomorphic to its double dual)
by [11, Corollary 1.7]. Therefore this sheaf is locally free outside a locus of codimension
> 3. We will work outside this locus and then may assume that p.V is locally free. If

U is an open subset of X over which p,V is free of rank r we can choose r generating
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sections si, ..., s, of p,V on U and consider their pullbacks p*s; to P. The images of these

s; under the restriction map

p'p.V — H(p™'(x), VIp~' (%))

to the fibre p~!(x) = P! over x for x € U generate a subspace of H°(P!, V|p~!(x)), but if
VIp~'(x) has type ®]_,O(a;) with at least one a; < 0 these sections cannot generate the

stalk ®]_, O(a;), since these sections are located in the “non-negative part”

@aizoo(ai) .

Therefore the global-to-local map ev : p*p,V — V, a map of vector bundles of the
same rank, must have vanishing determinant. On the other hand if V|p~!(x) is trivial
of rank r, then by Grauert's theorem the r sections p*s;, which are linearly independent
in H(p~'(x), V|p~!(x)) = H°(P!, O"), necessarily generate V|p~!(x). We summarize as

follows.

Proposition 2.1. Outside a locus of codimension > 3 the support of the vanishing locus
of the determinant of the homomorphism ev : p*p.V — V coincides with the inverse

image under p of the Maroni locus. O

We are interested in the first Chern class ¢;(Q) = ¢ (V) — ¢: (p*p.V) of the degen-
eracy locus Q of the evaluation map ev : p*p.V — V. Since the map ev is injective in
codimension 1 this class coincides with the first Chern class of the cokernel of the map
ev. This is a class on P, but in accordance with Proposition 2.1 it is in fact a pull back

class from X as we shall see now.

Lemma 2.2. If V is a vector bundle on a P!-fibration p : P — X which is trivial on
the generic fibre and has minimal deviation (—1,0,...,0,1) over a divisor in X, then the

divisor class of the determinant of ev : p*p,V — V is given by

c1(Q) =c (V) —ci(p*p.V) = p'p.ca (V). O

Proof. The sheaf R!p,V has support in codimension > 2, therefore we can neglect it for
the calculation of ¢;(p.V). Let 6, be the first Chern class of the relative dualizing sheaf
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wp of p. Then the Grothendieck-Riemann-Roch Theorem applied to p and V gives us
a1 (p.V) = p.lch(V) td(Tp)] )

=p.(r+ (V) + ¢} (V)/2 — co(V)(1 = 6,/2 4 67/12)] )

= p.lr62/12 — c1(V)8,/2 + c2(V) /2 — c2(V)].

Now the class ¢, (V) restricted to the fibres is trivial (because of degree 0 on a P!), hence
c1(V) is a pullback ¢, (p*L) for some line bundle L on X. If o : X — P is a section with
image S, then w, = O(-2S) ® p*c*O(S), and therefore

9; =45%_-4S.p*c*S+p*o*S?.

We observe p,p*0*S? = 0, S? = 0,0*S, S - p*0*S = 0,0"p*c*S by the projection formula,
and so o,0*p*c*S = 0,0*S because po = 1. So pﬁj =40,0*S—40,0*S = 0. Furthermore,

we have
p(c1(V)-6,) =p.(pci(L) - (=28 +p'c*S)) = —2c1(L) - p.S = -2c:(L).

We conclude that ¢, (p.V) = c;(L) — p.c2(V), hence [det(ev)] = ¢, (V) — p*c;(p.V) =
p*p.C2(V). L

Corollary 2.3. The pullback of ¢;(Q) under a section o : X — P of p gives an effective
divisor with support on the locus over which V is not trivial. Its class is equal to p.c, (V).
O

Proof. The pullback is o*p*p.c (V) = p.ca2(V). [

If we do not assume that R!'p,V is trivial in codimension 1 then we can

reformulate the result as follows.

Lemma 2.4. If V is a vector bundle on a P!-fibration p : P — X which is trivial on the

generic fibre, then we have the identity
a(Q) +paR'p.V) = p'p.ca(V). O

Since in general we have a bundle ¥V on a P!-fibration which is balanced of
type (k,..., k) on the generic fibre, but not trivial on the generic fibre, we check what

happens if we twist by a line bundle that on the generic fibre is a power of O (1).
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The canonical global-to-local map p*p.(V(—k)) — V(—k) induces now a canonical map
(p*p.V(—k))(k) — V with degeneracy locus Q.

Lemma 2.5. If V is a vector bundle of rank r on a P!-fibration p : P — X which is
balanced on the generic fibre and has minimal deviation (k — 1,k,...,k,k + 1) over a
divisor in X, then the pull back of the first Chern class of the degeneracy locus Q of
ev: (p*p.V(—k))(k) - V under o* is given by the effective class

r—1,
c1(Q) = p. (Cz(V)— 2r Cl(V)). o)

Proof. Letc;(O(—k)) = —kS with S the image of a section. We have

c(V(=k)) = (V) + (r — ey (V) - (—kS) + #kzs2 .

Since p.c?(V(—k)) = 0 we get
p.ci(V) = 2rp.(c1(V) - kS) — r* p,(k*S?).
The formula follows. The effectivity follows by Proposition 2.1 |

Remark 2.6. The expression c,(V) — ((r —1)/2r) ¢?(V) that appears in formula (1) is the
same one as in Bogomolov's result on the Chern numbers of a semi-stable vector bundle
on a surface, cf. [8, Thm 0.3] O

3 Extension to Generic P!-Fibrations

Since we want to extend the calculation of the class of a Maroni divisor to the full space
Ha,y of admissible covers, we have to deal with fibre spaces which are generically a
P!-fibration but over a divisor have singular fibres which are chains of smooth rational
curves Py, Py,...,P,. We call these admissible generic P'-fibrations. We shall see later
where such fibrations result from.

For defining the Maroni locus we will have to work over a base space which is
the compactified Hurwitz space, while for most of the later calculations it will suffice to
deal with the case of a 1-dimensional complete base curve B and a generic P!-fibration.
Anyway, to see what is going on, it might help the reader to assume that we are dealing

with the case where the base B is one dimensional; in such a case we are dealing with
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surfaces and surface singularities and in a singular fibre the two extremal curves P, and
P, of the chain have self-intersection number —1, while the remaining P; have P? = —2.
Our general case is locally a product of such a possibly singular surface times smooth
affine space.

Let now p : I1 — B be an admissible generic P!-fibration over a base curve B and
V be a vector bundle with trivial fibre O], on the generic fibre P of p. For such a vector

bundle V over IT we can consider the global-to-local map
p'p.V— V.

We know that on the open set U over which p is a P! -fibration, the support of the degener-
acy locus Q outside a codimension > 3 locus is given by the vanishing of the determinant.
We want to analyse Q near special fibres.

Even if we do not know the behaviour of V on the singular fibres of the generic
P!-fibration, we can estimate the first Chern class of Q in the following way.

Let V be a vector bundle of rank r on a generic P!-fibration p : [1 — B over a
smooth base B. We assume that V is trivial of rank r on the generic fibre. The first Chern
class of V restricted to a smooth fibre is trivial since it is of degree 0 on P!, hence we

can write

with D a divisor class on B and A a divisor class supported on the singular fibres of p.
(We denote the divisor and its class by the same symbol.) Again we have a canonical

morphism
ev:p'p,V— V.
The analogue of the formula (1) in Lemma 2.5 is the following.

Proposition 3.1. Let V be a vector bundle of rank r on the admissible generic P!-
fibration IT over B which is trivial on the generic fibre and with ¢;(V) = p*D + A for
D a divisor class on B and A a divisor class supported on the singular fibres. The first
Chern class of the degeneracy locus Q of the canonical global-to-local map p*p.V — V

is given by the formula

1 1
¢(Q) +p*a(R'p.V) = A+ p'p. (EA -0, — §A2> +p'p.(c2(V)). O
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Remark 3.2. The expression A + p*p.((1/2)A - 6, — (1/2r) A%) does not change if we

replace A by A+ p*D with D a divisor (class) on B. Indeed, for any divisor D on B one has
p.(p'D-6,) =-2D, A-p*'D=0, and (p*D)*=0. O

Proof. We apply Grothendieck-Riemann-Roch to p and V:

¢1(p.V — R'p,V) = p.(ch(V) - td(Tp)) 2

- p. [(r o)+ %(cf(V) - 2c2(V>>) (1 _ %ep + tdz(Tp>>]

2)

1 1,
=p. | rtda(Tp) — ECI(V) -0, + ECI(V) —c((V) ).
Using the identities in Remark 3.2 one sees that
p.ci(V) =p.(A%) and p,(c1(V)-6,) = —2D+p.(A-6,).

We claim that p.(td,(T,)) = 0. For this one applies Grothendieck-Riemann-Roch to p
and Op. Note that p.On = Oy and R'p,On = (p.wp)’ = (0), so we get 0 = ¢;(Oy) =
D« (td2(Tp)). u

Just as above, if we start with a vector bundle V that is balanced on the generic
fibre and if there exists a line bundle M on IT such that V' = V ® M is trivial of rank r

on the generic fibre, then in the formula the second Chern class gets adapted:

Corollary 3.3. Let V be a vector bundle on IT that is balanced on the generic fibre of I1
over B and M a line bundle on IT such that V' = V ® M is trivial of rank r on the generic
fibre of IT over B. We denote the degeneracy locus of the natural map p*p.V’' — V' by Q.

If we write as before ¢, (V') = p*D + A with A supported on the singular fibres, we have

1 1
c(Q) +p*c;i(R'p, V') =A +p'p, (EA -0, — EAZ)

* r—1 2
+ P D (Cz(V)— 27 CI(V)>-

Now we consider the effectivity of the classes occurring here.

Proposition 3.4. The expression ¢;(Q) + p*c;(R!p.V’) is an effective divisor class. [
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Proof. We have that c;(Q) is effective as the class of a degeneracy locus. The stalk of
the sheaf R!p,V’ over a general point is trivial as V' is trivial over the fibre over that
point. Therefore R'p,V’ is a torsion sheaf. The determinant of a torsion sheaf admits
a non-trivial regular section, see [12, Proposition 5.6.14], or alternatively, apply the
Grothendieck-Riemann-Roch theorem to the embedding of the support of R!p,V’ and
the sheaf R'p,V’ and get that ¢;(R'p, V') is represented by a positive multiple (the rank)
of the codimension 1-cycle of the support. Therefore the class ¢;(R'p.V’) is an effective

class. [
We conclude two things from the above discussion:

(1) The class ¢;(Q) + p*c: (R'p,V’) — A is a pullback class under p*;
(2) The class ¢;(Q) + p*c, (R'p, V') is an effective class.

The first follows from Corollary 3.3 and the second by Proposition 3.4. But we
want a class that is both effective and a pullback under p. We will do this by adding
(or subtracting) a pullback to ¢;(Q) + p*c, (R'p,V’) — A so that it becomes effective in a

minimal way. We shall use the following lemma.

Lemma 3.5. Suppose that D is an effective divisor on IT which is linearly equivalent
to a pullback p*T from the one-dimensional base B. If F, = Y " | P; is a reduced fibre
and if D contains one irreducible component P; with multiplicity » then it contains all

irreducible components P; with multiplicity ». O

Proof. Observe that D cannot contain horizontal components since this would violate
D-F =p'T-F = 0 for a fibre F. But the only solutions of } ;a;P;-P;=0foralli=0,...,n
are the multiples of the fibre F,. |

We now consider the situation over a possibly higher dimensional base.

Definition 3.6. Suppose that G is a divisor on IT supported in the singular fibres of p
and suppose that its image p(G) is supported on an irreducible divisor D with p~}(D) =
> o E; with E; irreducible. We assume that in a fibre over a general point x of D the
components Ey, ..., E, give rise to the components P, ..., P, of p~!(x) forming a chain of

rational curves. Write G = } " | e;E;. We then set

Gen =) _(€; — ema)Ei ,

i=0
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where en.y ;= max{e; : i =0,...,n}. By doing this for all divisors G (not necessarily with
irreducible image under p) and extending it linearly we associate to any divisor G with

support in the singular fibres a (shifted) divisor Ggy,. O

The effect of this is shifting the coefficients e; by a common constant such that

the maximum coefficient becomes 0.

Definition 3.7. For a divisor G as in Definition 3.6 we let F; be the divisor that is a sum
of fibre divisors, each fibre divisor F = )" | E; coming with multiplicity min{ordg, (G) :
i=1,...,n}. We have Fg = G + (—G)gp. O

Now we improve our divisor by adding Fy, = (—A)s, — (—A).

Proposition 3.8. If ¢;(V) modulo a pull back of a divisor under p is linearly equivalent
to a divisor A supported on the singular fibres of IT such that A = Y, AP with D running
through irreducible divisors D on the base B such that p~'D is a chain ) 2 EP and

AP =% ePE? then the expression
c(@) +p'a(R'p.V) + (A
is linearly equivalent to the pull back under p of an effective class on B. O

Proof. We set I' = ¢,(Q) + p*c;(R'p,.V’') — A. We may consider one irreducible divisor
D on the base B such that p~!(D) = Y, E; is as in Definition 3.6. If —A = ) e;E; and
all e; > 0, then all numbers ordgI" are non-negative and by Lemma 3.5 the divisor T’
contains the whole fibre F = ZL E; with multiplicity > ey, = max{e;: i =1,...,n}and
we can then subtract it from I' while still keeping an effective divisor class which is a
pull back.

Suppose then that —A = Y_" | ¢E; is not effective. We can replace —A modulo
pull backs from the base by the effective class

-A'=-A+ |emin|F

with ey, = min{e; : i = 1,...,n}. Then using Lemma 3.5 we can subtract from c;(Q) +
p*ci(p, V') — A’ a multiple € F of F with ¢ = max{e; + |en| : i = 1,...,n}. So in total with
—A=Y" ekE; we canreplace —A in ¢;(Q) + p*c:(p.V') — A by

n
—A + |eminlF — (€max + [€minDF = ) _(€; — €max) Ei
i=1
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in order to retain an effective divisor ¢;(Q) + p*c;(R'p,V’) + (—A)sn. Doing this for all
divisors D with support on the singular fibres we replace —A by (—A)g. |

Remark 3.9. If all the coefficients of —A = )" | e; E; are strictly negative, then we add
something in order to get an effective divisor. On the other hand if —A has a non-negative
coefficient then not only is ¢;(Q) — p*c;(R'p. V') — A an effective divisor (cf. Lemma 3.5),

but we can improve it, that is, find a smaller effective divisor. O
Using Remark 3.2 we find the following result.

Theorem 3.10. Suppose that V is a vector bundle on IT of rank r that is balanced on
the generic fibre of p. With A as in Corollary 3.3 we find that

r— ICZ(V)
2r ! '

Fa+p'p. (EA O — 5A2> +Dp°p. (CZ(V) -
where 6, is the first Chern class of the relative dualizing sheaf w, of p, is represented by

an effective divisor class which is pullback under p*. O

4 A Good Model

Let Hqg be the Hurwitz space of covers C — P' of degree d and genus g. It can be
extended to the space Hg, of admissible covers of degree d and genus g. The “boundary”
Hag — Hag is a sum of finitely many divisors S;, = Sy, with b = 2g — 2 + 2d indexed
by 2 <j < b — 2 and a partition u = (m,,..., my,) of d. In general the divisor S;, will
be reducible; a generic point of a component corresponds to an admissible cover C — P
with P a curve of genus 0 having two components P; and P, intersecting in one point Q
such that P, (respectively, P,) has j, =j orj, = b —j (respectively, j») branch points with
J1 +Jj2 = b and the inverse image of Q consists of n points Q;,...,Q, with ramification
indices my, ..., m,.

This space ﬂd,g is not normal, and therefore we consider the normalization ﬁd,g
of Hg,. This is now a smooth stack. Over ﬁd,g we then have a universal curve w : C — ﬁd,g
in the sense of stacks.

Our goal is to extend the vector bundle on ]P’%id’g to a vector bundle on a compact-
ification. For this we must extend our universal d-gonal cover and our first aim here is

to construct a good model for the universal d-gonal map

y:C— ]P)%"d,g
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By a good model we mean a proper flat map y : Y — P that extends y over ﬁd,g.

Recall that the universal curve C over ﬁd,g fits into a commutative diagram

_ .
C—— Mot

1

h ywi
Ha,g — Moy

where M, is the moduli space of stable b-pointed curves of genus 0 and 7, ; is the map
that forgets the (b+ 1)th point. We let P be the fibre product of My, and 7—~{d,g over My.
We find a diagram

/

C~ = P ° M07b+1

N

~ h -
Ha,g ——= Moy

At this point we consider ﬁd,g as our base B. For later use we point out that normal-
ization commutes with smooth base change. This gives a composition of morphisms

53 — ]P)B — B.
Lemma 4.1. The spaces 53 and Pz both have at most A; singularities. O

Proof. For the proof we may consider a one-dimensional base B. Locally at a non-
smooth point of @ the map 75, is given by t = uv, while the map o is given by x,y, = ¢,
and ¢ by u = x™ and v = y™ in suitable local coordinates before we normal-
ize the Hurwitz space. That normalization has the effect of replacing ¢ by s™ with
m = lem(m,, ..., m,). After pulling back = to ﬁd,g we have local equations s™ = uv,
x,y, = s™™ and still u = x™ and v = y™. So the local equations of P over ﬁd,g are
s™ = uv and this creates A,,_; singularities. In turn for C we then find local equations

at the nodes of the form x,y, = s™/™ which are singularities of type A, m, 1. |

We now will work over B and will suppress the index B. Since P is not smooth we
resolve its rational singularities and find a model p : PP resolving the singularities

in a minimal way and take the fibre product of P and C over P:

Y := normalization of P in (C((?) and Y := the resolution of Y.
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This fits into the following commutative diagram

Diagram 4.2.
Y
\ P
~ Y —=C
P— P “
N
B
We denote by g : Y — B the composition from upper left to lower right. 0
Proposition 4.3. Themaprx:Y — Pis a flat map. O

Proof. We use the fact thatif f : A — B is a finite morphism with A Cohen-Macaulay
(actually proven in Lemma 5.1 later on) and B smooth then f is flat, see [9, 6.1.5]. The

map C — P is finite, hence the normalization of its base change too. |

The fact that 7 is a flat map enables us to extend V as a vector bundle. However,
as we shall see it will suffice to work with reflexive sheaves on smooth spaces.
Now we look at the direct image sheaves R!q,0y. By a spectral sequence

argument one gets the following lemma, the proof of which is left to the reader.

Lemma 4.4. Suppose we have morphisms X-25¥-%.7 and F a coherent sheaf on X
with Rif,F = (0) for all j > 1. Then we have Ri(g o f),F = R'g,(f.F). O

We apply this first to # = 7 o v and F = Oy which has Rv,0y = (0) fori > 1,

since we resolved rational singularities only, so that 7,03 = 7,0y and then observe that
R'7,03 = R'n,(v.03) = Rin,Oy = (0)  for i>1

by the finiteness of 7. Then we apply the same argument again to the map g = po 7 and

we find:

Lemma 4.5. We have Riq,0Oy = Rip,(n.Oy) for i = 0 and i = 1. Moreover, we have
P« (1. Oy) = Op. 0
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Proof. The first statement follows directly from the above. Furthermore, we have
p*(n*OY) = Q*O§ = w*(,O*Of/) = OUs. ]

Corollary 4.6. The restriction of 7,0y to the generic fibre of p is equal to O ® O(—a;) &
<+ @ O(—aq_1) with a; > 1 satisfying Z?;ll a,=9g+d-1. ]

Proof. By Riemann-Roch the restriction of 7,0y to a fibre of p has degree —(g+d — 1).
This implies that the restriction to the generic fibre P, which is a P!, is @f:‘ol(’)(bi) with
b; > by fori=0,...,d—2and ) b, = —g — d + 1. Since q.Oy equals Op we find that
bo=0and b; < 0fori> 1. We put a; = —b; and get the result. |

5 Local Description of the Map 7 : ¥ — P

Weneed an explicit description of the singularities of Y and their resolution. We consider

the central part of the diagram 4.2

Yy —2-C
1
P i> P
over our base B. We analyse the situation near a point s of B that is a general point of an
irreducible component of the boundary divisor S; . For the description of the situation
we may restrict to a one-dimensional base B and deal with a surface over B. The general

situation is locally isomorphic to the product of such a surface times affine space.
In the following the indices j and x will be fixed and therefore dropped from the

notation. For a partition u of d we use the notation
w=(my,...,my) and m=m(wn) :=lecm(m,,...,my).

Over our point s the space P has a singularity ¢ which is a node, locally isomorphic to
a quotient singularity C?/(Z/mZ) with action (z,, z2) > ({mZ1, ¢, Z2) with ¢, a primitive

mth root of unity. Analytically it is isomorphic to
A, :=Spec(Cl[u, v, s]/(s™ — uv)).

The cover C of P has n points Q, (v = 1,...,n) lying over our node t with C at the node

Q, analytically given by the ring C[x,, y,, s]/(s™™ — x,y,) with the map locally given by

my

— — M —
u=x",v=y"™,s=s.
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We consider the resolution P of P. It is obtained by gluing m copies Z; i =0,..., m—1)

of C? with coordinates (&;, ;) via
Eirn =0 ") ni = Em?,
wherever this makes sense. Moreover, the map Z; — P is locally given by
u=§g"tnL v=g" L s =gy

The exceptional divisor is a chain of m — 1 smooth rational curves Ej, ..., E,_; with E;
given by the equation &_; =0in Z; , fori=1,...,m — 1, or equivalently by ; = 0 in Z;.
The proper transform of the two P!'s given by n, = 0 (respectively, by &,_, = 0) lies in
Z, and intersects E; (respectively, lies in Z,,_, and intersects E,,_,) transversally.

Let A, = C[&;, ;] be the coordinate ring of Z;. Theinclusion A, C A, corresponding
locally to the map g is given by u = &'}, v = "'y, s = &n; . Locally analytically
Y is given by the normalization of the ring A, = C[&;, 5;] in the quotient field L of the ring
C[x,, yy,81/(s™™ — x,y,). This latter ring locally analytically describes C near our point
and this field L is given by C(x,,s) and we have u = x™. The inclusion 4, < L is given
by & = x™/s', n; = s'*1/x™ . The normalization that we want is given by the following

lemma.

Lemma 5.1. The normalization is locally given by the normalization of the coordinate
ring R = C[Eil Ui/Xu]/(XC"V - %.Hd l) O

Proof. Let NV be the normalization of A, in L. The ring R is embedded (in the same way
as A,) in the field L and contains A,. Observe that s = &, € A, € R and x, € R and
therefore L is the quotient field of R. Since x* = E’“n;, we have that x, € N. Therefore
A, CRCN and N and 4, and R have the same normalization. |

The surface with coordinate ring R has one singularity which is a quotient
singularity of type (n;, g;), that is, isomorphic to the quotient of C? by the action
(21,22) = ({n;Z1, Lnl22) With ¢, a primitive n;th root of unity.

To see which singularity this gives we replace the equation by

n, _ &% Bi
le_éi n;
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with

o m, o i+1 b= i
" ged(m,,i(i+ 1)’ %= gcd(m,,i+1)" """ gcd(m,, i)’

and find a quotient singularity of type (n;, q;) with q; = —8;/«; € (Z/n;Z)*.
Now we return to the general case where B is the normalized Hurwitz space ﬁd,g.
Applying what we found above in the case at hand, with (j, ©) fixed, results on Pina

chain of exceptional divisors
El,. ..,Em,1 .

Above E; we find n divisors Ty, ..., Tp; with T, ; such that when we restrict to a fibre over
general x we find that T,; gives rise to a curve Tv(f? that maps to the exceptional curve
E™ with degree

d,; :=gecd(m,, i)
and ramification degree m,/gcd(m,, 7).

Corollary 5.2. The branch divisor W of themap 7 : ¥ — P (over ﬁd,g) consists of two
disjoint parts: the sum Ws = E of the b = 2g — 2 + 2d sections E; (i =1,...,b) of pand a

contribution Wy from the exceptional divisors of the map Y >vY given by
m—1 n
WE = Z ( (mu — du,i)) Ei . O
i=1 v=1
6 Extending Our Vector Bundle
We want to extend the vector bundle V that is the dual of the kernel of the trace map

tr: y,.0c — O“"% to a vector bundle on the normalization of the compactified Hurwitz
dg

space ﬁd,g. We shall assume that d — 1 divides g and set
g=(d-1k.

The general theory (see [15, Theorem 1.15]) will then tell us that the locally free sheaf V
will be balanced on the general fibre P of p:

Vip = Op(k 4+ 1)%1,
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Note that# : ¥ — P generically is a degree d cover of smooth varieties. Then we

take a line bundle £ on Y that is trivial when restricted to the “interior” g (Ha,g):
L =032),
with Z an effective divisor supported on the boundary. Since Z is effective we have an

inclusion Oy C O3 (Z) and we thus get an inclusion 7,03 C 7,.0%(Z) and since O3 C 7,05

we get an injective homomorphism
t=1t,:05 —> 7.L.

The dual K of the cokernel K of « is a reflexive sheaf since it is the dual of a coherent
sheaf and since we are working on smooth spaces by neglecting an algebraic subset
of codimension > 3, we may and will assume that it is locally free (see [11, Corollary
1.4]). Its restriction to p~!(Hg,) is isomorphic to the bundle V considered before. We will
denote this rank d — 1 bundle X} on P by

V[: = KZ

The choice of Z will give us freedom that we shall use later. But we start by

assuming that Z is trivial, that is, we start by assuming
L=03.

We then find a rank d — 1 bundle denoted by V = Vo In fact, by the results of Section 4

this special V is not only a reflexive sheaf but actually a vector bundle.
Lemma 6.1. We have
a(V) = —a(7,05) = W/2. O

Proof. The first equality follows directly from the definition, while the second follows
by applying Grothendieck-Riemann-Roch to 7 and Os. |

The vector bundle V is not trivial on the generic fibre. This issue will be
addressed now by considering a specific twist V' = V ® M with an appropriate line

bundle M that makes V’ trivial on a generic fibre.
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As described in section 5 we analyse the situation near a point s of the base B
that is a general point of an irreducible component ¥ of the boundary divisor S;,. As
explained there it suffices to consider the case where B is one-dimensional.

We thus consider a point s € B that is a general point of ¥ and the fibre of P over

it. It is a chain
P11E11-~-1Em711P2 (3)

of smooth rational curves. The curve P; is a P! with j; = j or b — j marked branch points
and likewise P, is a copy of P! with j, marked branch points with j, +j, = b, see the first
paragraph of Section 4.

Recall that we have fixed a pair (j, u) with 4 = (m,,..., m,). Assume now that
J1 =b—jandj, =j. This choice will not affect our conclusion as we will see at the end
of Section 8. We then have

b—j+d—-—n= 0(mod?2) and j+d—n= 0(mod 2)

because these are the degrees of ramification divisor of a curve over P; and P,; moreover,

the dual of the kernel of 7,0y — O3 has degrees
(b—j+d—-n)/2onP;, and (+d-n)/2onP,.

We divide the latter degree by d — 1 and write r for the remainder

j+d—n

o, =d@d-D+r with 0<r<d-1, 4)

where of course g and r depend on j and d.

For uniformity of notation we rename the divisors in (3) by R; = R} with
RO =P1IR1 :Ell"'/Rm—l =Em—1rRm :P2~

We now twist V by a line bundle M such that V® M is trivial on the generic fibre.
For this we could take as a first approximation the line bundle M corresponding to the
divisor —(k + 1)E, with E, the first section.

Now V ® M is trivial on the generic fibre, hence as in equation (2) we have

ci(VeM) =p'D+[A],
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with D a divisor class on our base space and A a divisor supported on the singular fibre s.
As explained in Section 3 we can get an effective class of the form ¢,(Q) +p*c;(R'p,. V') +
(—A)¢, and for this we wish to minimize the expression (—A)g,. In other words, we want
to adapt M such that we get a “good” A.

By Lemma 6.1 we know that ¢; (V) = W/2 and by using the description of W given
in Corollary 5.2, we find the degrees of the restriction of ¥ on the various components
R;. This guides us to a reasonable choice of M and A.

We now add to —(k + 1)E; an integral linear combination of the curves from
the chain Ry, Ry, ...,Rm_1, Ry that has degree 0 on all the exceptional curves E; = R;
(i=1,...,m—1)such that the degree of V' is transferred as much as possible to Ry, = P;.

The expression

Z iR; (respectively, Z(m —1) Ri)
i=0

i=0

has degree 0 on all E;, degree 1 on P, and degree —1 on P, (respectively, degree —1 on P,
and degree 1 on P,).

We thus arrive at the standard line bundle M by which we will twist our vector
bundle.

Definition 6.2. (Standard M.) We let M be the line bundle on P associated to the divisor

Y. qYlm—0ORE  if R} #0,
Ssk+1-q Yl iRY if & R #0,

—(k+1)E, -

(1]

where the sum is taken over all irreducible boundary divisors X of ﬁd,g, m = m(u), and

q is given in (4). O
We summarize the result on the degrees of this vector bundle on the curves R;.

Lemma 6.3. For given irreducible component of ¥ of S;, the degrees of the vector
bundle V' = V @ M on the curves R}, ...,R2 of the chain are: d —n —r on Ry, r on R,,
and deg Wg/2 on R;, that is, (-d + 2n — Y d,»)/2 on R, and R,, ;, while on R; for

2 <i <m — 2 the degree is

1 n
E Z _dv,i—l + 2dv,i - dv,i+l ’

v=1
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where as before n = n(j, ) and r = r(j, #) and d,; = gcd(m,, i). The total degree of V' on
the chain is equal to 0. O

Now we want to find a divisor A* with support in the chain R},..., R}, that

satisfies for a general point s € X, the condition
deg V' = deg A*

when restricted to the fibre over s.
In the following discussion we keep X and the pair (j, 1) fixed, therefore we allow
ourselves occasionally to drop ¥ from the notation. We write v; for the degree of V' on

a general fibre of R¥ so that we have ) "  v; = 0. Our sought-for A* will be given by

m—1
z z
—A* = E OliRi B
i=0

thus leaving out RZ. Starting with a1 = vo + ... + Vi1 gives the right degree on

m—i—1

R,, and solving step by step via am_i-1 = am—i + ) ;o V¢ we find the solution with «;

given by

m—1 m—1
o = (m—1) (Z vt> -y t-iv.
t=0 t=i
We can extend the formula of Lemma 6.3
1 n
Vi = 3 UX:; —d,i-1+2d,; —d, i

for the degree of V' on a general fibre of R; = E; fori=2,...,m—1toi=0andi=1 by
putting formally

2r
dU,O = dv,m =m,, dl,'71 = — 4 1.
n

Note that

m—1

— Y = i)(=dui1+2dy; — dyii1) = (M—i—Ddypm — (M —)dym 1+ duie

t=i
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Then we find (using 37";' v; = —v,,) that

a=—rm— i)+ 5 Y (A= = dys + = L= D)

v=1

1 « . .
—r+5 ) ([dui—(m—i+m—i-1)m,)

v=1

1 ) =
E((m—z)(d—n—zr)—d+ZdM-).

v=1

Definition 6.4. Now define ¢ = c(j, n) and §; = §;(i)

n
c:=d—-n-2r and (Sizzd—Zd” fori=0,...,m
v=1

with d, ; defined as gcd(m,, 1) fori > 1,byd,o =m,and d,_, = 2r/n + 1. O

Then we have §, = 0 and we can write —A = Y1, &;R; with o; = s((m—1ic—3).

Observe that
c=degVj —degV,

and by Corollary 5.2

m—1
Wy = Z 8R; .
i=1

Conclusion 6.5. For each irreducible component ¥ of S;,, the divisor
m—1 1
A*=—Y —((m—1i)c—8)R’
> 5(m—ic—8)R;
i=0
has the property that the degree of A* when restricted to a general fibre of R} equals
the degree of V' restricted to that fibre. O

For L trivial, V = V. and with the standard choice for M as in Definition 6.2 we

set

Ay = ZAE (5)
X
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with A% as in Conclusion 6.5 . Then the first Chern class ¢; (V) of V' = V ® M satisfies
the equality (2)

CI(V/) - P*D + Ast

with D a divisor class on the base.

7 Extensions of the Maroni Divisor

In this section we will work on the Hurwitz space Hy, and its normalization, where
we assume as before that g = (d — 1)k. In the preceding section we have constructed a
vector bundle V of rank d — 1 on ﬁd,g and a twist V' = V ® M by an explicit line bundle
M such that V' is trivial on the generic fibre.

Now we define an effective divisor on ﬁd,g by applying Proposition 3.8 and The-
orem 3.10 of Section 3 to the bundle V'. This involves a divisor —A given by ¢; (V') = A
modulo a pull back from the base and we make the result effective by adding F, as in

Definition 3.7 for the choice of A as in Conclusion 6.5.

Definition 7.1. (The standard extended Maroni divisor class my;.) Let £ be trivial line
bundleon ¥, V = V., and choose M as in Definition 6.2 and put V' = V® M. If Q denotes
the degeneracy locus of the evaluation map p*p,.V’ — V' and with A = A, as in (5) the

class
c1(Q) +p*ci(R'p. V') + (—A)en

is effective and pulling it back via a section of P — ﬁd,g defines an effective divisor class
mg; ONn 7-(d,g which is the pull back under a section of p of the class
r f—

1C2(V) +F
2r ! ar

* l . _L 2 * _
oy (2[A] Op 2r[A] >+p D (Cz(V)

and agrees with the Maronilocus on the open part Hg 4. We call m, the standard extended

Maroni class. U

We refer to Definition 3.6 for the notation (—A)g,, to 3.7 for the notation F, and
Remark 3.9 for the meaning of F,.

We can vary this definition by taking £ = O3 (Z) associated to an effective divisor
Z with support in the boundary of C and by twisting V. ® M by a line bundle N with
support in the boundary of P.
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Definition 7.2. (The class m,y.) By taking £ an effective line bundle £ = O3(Z) as in
Section 6, letting V' =V, , = V; ® M ® N and letting Q be the degeneracy locus of the

evaluation map p*p.V’ — V' and defining A = A,y as in (2) the class
(@) +p*ci(R'p.V) + (—A)en

is effective and pulling it back via a section of p : P 7-(d,g defines an effective divisor
class m,y on ﬁd,g which by Theorem 3.10 is the pull back under a section of p of the

class of the form

o (2a.0,— La2) 4 pp. () - —Lew)) +F
PP\3% %" o7 P p-{c 2r 4 A
and agrees with the Maroni locus on the open part Hgg. O

For £ and N trivial we have m,y = mg. In the next section we will work out
the various terms in the formula for the basic case mg; of the standard extended Maroni

class.

8 The Class of the Standard Extended Maroni Divisor

We now calculate the class mg defined in the preceding section. We begin with the Chern

classes in the formula of Definition 7.1. Recall the diagram

y —*-¢C

1k

P 2.p
We also recall that by Lemma 6.1 we have ¢, (V) = W/2. The branch divisor W of = was
calculated in Corollary 5.2 and consists of two disjoint parts: the sum Ws = E of the b
sections and a contribution Wy = Y_I;' §;E; from the exceptional divisors.
Now we move to the second Chern class. We have ¢, (V) = c,(7.0y), so we con-
sider qOy. On the one hand we have g = @ o p and observe that 0Oy = p,Oy because p

blows down resolutions of rational singularities. Hence we get
q.03 = @ (p.0y) = @,0; = Op — EY

with E = @,w,, the Hodge bundle, by Serre duality the dual of R'w,0Oz. We conclude
that

Cl (q'oi) - )" ’
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where A denotes the Hodge class. On the other hand we have g = pomov (see Diagram 4.2)
and we have by Lemma 4.5 that q Oy = p,(7.Oy) and this can be calculated by applying
Grothendieck—-Riemann—-Roch to the morphism p and the sheaf 7,Oy. This gives

¢ (p(m,Oy)) =p.[ch(m,Oy) tdTp] )

1 2(7,0y) — 2 Cy (1,0
:p* [d tdsz — Ecl (ﬂ*Oy) ep + Cl (T[ Y) C2(7T Y)i|

2

= lwe + 1W2 c(V)
—p* 4 D 8 2 ’
where we used that p,(td;Tp) = 0 and ¢, (7.Oy) = —W/2, see Lemma 6.1. We thus see
that

r=0c1(q0p) = P*(W 0,/4 + W?/8 — Cz(V))
and thus obtain a formula for p.c,(V):
1 2
p«C2(V) = —A + gp*(W +2W6,).

We summarize.

Proposition 8.1. We have

2 1 2 1 2
p.c;(V) = Zp*W and p,c (V)= -1+ gp*(W +2W6,). [l

From now on we shall work over a one-dimensional base B in the Hurwitz space.
We need to justify that it suffices to prove an identity between divisor classes on ﬁd,g
by verifying it for all one-dimensional curves B in ﬁd,g that intersect the boundary of
our normalized compactified Hurwitz space 7-(d,g transversally at general points. By
repeatedly intersecting with generic hyperplane sections and applying the Lefschetz
hyperplane theorem we reduce ourselves to a smooth surface S with the property that
the Picard group of 7-[d,g injects into Pic(S). The boundary of the Hurwitz space defines a
configuration of transversally intersecting curves T on S and we assume that we have a
line bundle L (representing our divisorial identity) on S which is trivial on every curve B
that intersects T transversally at sufficiently general points. We wish to conclude that L
is trivial. We claim that the Néron—-Severi group of S is generated by the classes of such
curves B. Indeed, the general hyperplane section H of S intersects T transversally at

general points and hence L is trivial on it. For any curve E the class E + mH contains for
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sufficiently large m a representative curve that intersects T as neatly as desired. Hence
the first Chern class of L is orthogonal to all of NS(S), so by the non-degenerateness of the
intersection form a non-zero multiple of it vanishes. Hence a non-zero integral multiple
of it comes from a class in H'(S, Os) under the exponential map H'(S, Os) — H'(S, O%).
But by Kodaira and Spencer the map H'(S,Os) — H'(H,Oy) is injective for a general
hyperplane section of S, hence if L restricts trivially to H it must be trivial. Since we
work in the rational Picard group this suffices.

If m(u) > 1 (recall that m(u) is the l.c.m. of the m,;) then the self-intersection
number W is negative. Indeed, since the chain E, ..., E,_, can be contracted its inter-
section matrix is negative definite and since Wy is not the zero divisor the result follows.
We can calculate this self-intersection number as follows. For each pair (j, ©) we have
W = Y7, 8E; with 8, = 8, = O (see Definition 6.4) and W2 = Y7",' (=262 + 28;8;,,), in

other words,
W=~ (6~
i=1

We have Wy - 6, = 0 and thus W -6, = E - 6, = ¢ (with E given in Corollary 5.2
and ¢ the usual sum of the tautological classes v; defined by the sections), which gives
for each intersection point of B with S;, a contribution m(u)j(b —j)/(b —1), see formula
(2) for ¥ in [19]. Since p.(W2) = —y we get from each intersection point of B with S;, a
contribution

jb—j)
b—-1

m(u) .

Now we move to the contributions of the divisor A. First recall the definition of
A.For each irreducible component ¥ of S;, we have a contribution —A* with coefficients

given by
;= 1((m—i)c—S-)
al - 2 1

and have for the contribution of the point s € BN S;, to the self-intersection number
of A

m—1 2

m2c?
—a§ +2 Z oo —oy) = — 2
i=1

1 m—1 )
+5 ;«m —i)c—8)(Cc—8i1+8)

m—1

mc? 1

= —EE 8i(8; — 8i-1) s
i=1
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where we used ) _;(m —1i)(8;-1 —&;) = — )_; ;. Noting that 8, = §,, = 0 and using again the
identity

m—1 m
2 88— i) =) (8 — i)
i=1 i=1

we can rewrite this as

i1 — 82,

In general we will get a contribution to A from the resolution divisor of any intersection
point s of B with S;,,. This contribution depends only on the pair (j, #) not on the chosen

point. Therefore we get a contribution
m(u)
~A=) (B s”oZaLo W R, 1)

Jim

For the term A - 6, we get the negative of the coefficient of the “main” component R,

which equals m(u) c/2. We thus arrive at the following lemma.

Lemma 8.2. The contribution of S;, to the self-intersection number of A is for each

intersection point s of S;, with B equal to

2
i*l) ’

while the contribution to A - 6, is %m(u)c. O

As to the term X occurring in our formula of the extended Maroni class we recall
the formula for the Hodge class A from [13], which was reproved in an algebraic way in

[19]. This formula says:

b/2 n(u)
_ jo—j 1 1)) o
= ZZL (“)(S(b )_12<d_zm>) S

v=1 v

We have all the ingredients for the cycle class of the extended Maroni divisor.
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Theorem 8.3. The class mg of the standard extended Maroni divisor equals the

effective class ) 0;,S;, with o, given by

o ol G 1 BN jo-pEd-2)
0"“_’”(“)( 4 +8(d—1)+12(d va teb-nd-1n)’

v=1

where u = (my, ..., My, and ¢;, = d —n — 2r with r the remainder of (j + d — n)/2 by
division by d — 1. O

Proof. We use the definition of 7.1 and collect the various terms for a given pair (j, u):
the contribution of p*p.(A - 6,/2 — A?/2(d — 1)) yields

1 1 m(p)
Zm(M)Cj,u + m (7’71(11)6']'2,M + Z(5i - 5i—1)2) ;

i=1

The contribution to F, is given by the minimum coefficient: if ¢;,, < 0 then the coefficients

are > 0 with the minimum corresponding to R,, which is 0; if ¢j,, > 0 then the minimum

)

and the contribution of p.(W - 6,/4 + ((Ws]* + [W:]*)/8(d — 1)) is

is —mc;j,./2.

The contribution of — is

i(b—j 1
—m(u 20 =I + MG 15 (d—Z

1
8(b—-1) v

m

. b o . b o 1 m(uw)
S MO0 = g — g 3= b)” o

In Theorem 8.3 the constant c;,, depends on the choice j, = j, the number of
branch points on P,. If we considered j, = b — j instead, the role of j would be taken by
l=>b—j. Instead of c = d — n — 2r we would get a constant ¢’ = d — n — 2r’ with r’ the
remainder of (I + d — n)/2 by division by d — 1. But the formula is invariant under the
change from c to ¢’ as witnessed by the following lemma the proof of which is left to the

reader.
Lemma 8.4. We have |c|(|c| — 2(d — 1)) = |c|(|c'| — 2(d — 1)). a

9 Varying the Maroni Class by Twisting the Vector Bundle

The standard extended Maroni divisor ms; was obtained by starting with £ trivial and

taking V = V. and then by tensoring with the standard M given in Definition 6.2 yielding
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a vector bundle V'’ trivial on the generic fibre. But we can replace V' by V;, = V'QN with NV
any line bundle associated to a divisor supported on the singular fibres and preserve the
property that the vector bundle is trivial on the generic fibre. In particular, we thus get
rid of the special choice of the k+ 1 sections in Definition 6.2. We have ¢, (Vy) = p*D+ Ay
with Ay = Ay + (d — 1)N. Using Definition 7.2 we get an effective class m, y which is
a pull back from ﬁd,g and agrees with the Maroni locus on the open part Hgg. In this
section we shall drop the trivial £ from the notation and will write my for this class. For
N trivial we get back mg;.

Again we may consider the situation locally as we did before. That is, we are
working near an irreducible component X of the boundary divisor S;,, of the base 7—~ld,g.
But we may work on a one-dimensional base B and assume we are dealing with the mul-
tiplicity of one point s on B with fibre F that corresponds to the transversal intersection
of B with the boundary divisor ¥ of ﬁd,g at a generic point of X.

We thus may write (abusing the notation slightly and omitting the index )
N =", a;R; with a,, = 0 and similarly we write A instead of A*.

We find that the difference mg, — my is the pull back under a section of p of
* d B 1 2
Fp—Fprq-1yv +p'p | N-A+ T(N —-N-6,) ],
and so ordymg — ordymy is the degree of the singular fibre F in
Fy —Fyra-vyw +fWN)F (6)
with f the quadratic function
da-1 _,
fO) =N -A+=——W*"-N0).

If for some N we find that mg; — my is positive, we can improve the extended Maroni
divisor by finding an effective divisor my that contains the closure of the Maroni locus
but is smaller than m;.

Discarding the term Fy — Fa(4-1)v in (6) we look for the maximum of the function
f. The partial derivative of f with respect to N is A+ (d — 1)(V — 6,/2) and this vanishes
for
(d—1)6, —2A

Ncri =
¢ 2(d—1)

Now 6, near our fibre is represented by —2S + Z:Zgl(m — 1)R;, where S is a section that

intersects P, = R,,. Using the form we found for A in Conclusion 6.5 we see that the
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coordinates of Ny = Y 1y’ a;R; are given by

_(m—-Da-—3

= AT 7

with a := d — 1 + ¢ and the function f assumes the value

d-—1
fmax zf(NCrit) = _TNCert

c? c d-1 1 =~ )
_m(—8(d—1)+z+ 8 )+8(d_1)§(5i—1_8i)-

The function f is bounded from above since the order of my along ¥ is non-negative, so
the critical point must give a maximum. The function N? is negative semi-definite since
N corresponds to a divisor supported on (singular) fibres. But the numbers given by (7)
are not necessarily integral and the critical point N lives in (the subgroup generated
by the components of our fibre in) Pic(P) ® Q. Therefore we replace the rational number
a; given in (7) by a near integer «; in the following way: first we choose o, ; € Z such
that

Um-1 = Am-1 + €m-1 with |e,_1| <1/2
and then we choose successively the integer «; fori = m — 2,...,1 such that
aj=a;+e  with |e—e | <1/2. (8)

The function f, when viewed as a function of the coordinates of N, assumes at o =

(g, .. .,am_1) the value
d—1
F@) = frax = —— ;(eH —e).
Lemma 9.1. The value of f at integral points takes its maximum at «. O

Proof. Leth = (hy,...,hpn_1) € Z™. Then we have
Fath = —TL S a6, — et — b+ iy — o
- 2 - i—1 1 i—1 1 i—1 1 ’

where we set h,, = 0. Writing u; = h;_; —h; and ¢; = e;_; —e;, we see that f(« +h) — f(«)
—((d—-1)/2) Z:’;l u? + 2 €;u; and since |¢;| < 1/2 by our choice of the e;, this quadratic

form in the u; takes only non-positive values in integral points u;. |
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Lemma 9.2. For N = Z;’;gl o;R; we have that F4 41,y = 0. O

Proof. The divisor A + (d — 1)N has the form Y | "(d — 1)[(m —i)/2 + e;]R;. But ¢; >
—(m —1)/2, since we started with e,,_; > —1/2 and in each step we have e; > e¢;;; — 1/2

by (8). So all coefficients are > 0 and the last one is zero. |

Furthermore, we calculate the values of f at 6, and the trivial line bundle and
find that

mc
F ) = - and  f(0)=0. 9
For a; = o; we have

(—%F,O) c>0,
(Fa,Fay@-nn) = (10)
(0,0) c<0,

with F denoting the full fibre. Lemma 9.1 together with (9) and (10) shows that if we

write Fy — Fayr@-1yv = (fa — far@-1n)F with F standing for a fibre we have

(6,) c>0
0 <fa—fara-vwv + 76 - (1D
f(©,...,00 c<O0.

Collecting these facts we arrive at the following conclusion.

Theorem 9.3. Let T be an irreducible component of the boundary S, of Hg,. Then the

coefficient o, of X of the locus Nymy is equal to

n(w) m(p)
Lib-p@d-2) 1 o
mw)( (d - va 8(b—1)(d—1)) S(d_l)izzl(al_l %)
d—l (m( 1) ’”2(“:)(6 o) )
T A -1 — €§ .

Proof. Let ¥ be an irreducible component of the boundary S;, of Hga4. Then for the

choice of N = Zﬁgl o;R; given by (8) we have my, — my = 0 X with o given by

mc/2 c¢c>0
fmax - T4 Z(el 1= el)z / (12)
0 c<0.
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Since this is non-negative by (9) and (11) the divisor class my represents the class of an
effective divisor containing the Maroni locus that is smaller by o X than the effective

divisor representing mg, given in Theorem 8.3. |

Remark 9.4. The correction term in the formula satisfies

mp)
R Z(ei—l —e)?>0. O
4 i=1

The contribution o in (12) depends only on the pair (j, #) and for j only on the
residue class mod 2(d — 1) and it is a small correction. We list for 3 < d < 5 the pairs

(j (mod 2(d — 1)), u) for which we find a positive correction o (j, ).

Table 1.

wo [3] (4] (4] [3,1] [2,2] [5] [5]
j 0 1 5 0 0 2
o 1 1 2

wo[5] [41] [41] [3,2] [3,2] [3,1,1] [221]

10 Improving the Maroni Class by Variation of £ and Twisting

In this section we investigate the behaviour of m,y when we also vary £. We write
L = Oy(Z) with Z an effective divisor supported on the boundary of ¥.

In order to calculate the difference mg; — m,y we need to calculate some Chern
classes. Recall that for the effective line bundle £ the reflexive sheaf V. is defined as the

dual of the cokernel K, of the natural map Oz — 7,L£. We fix the notation by
Vi=Vo,, V'=V®M, and V=V, @MQ®N,

where N corresponds to a divisor class supported on the boundary of P and M is defined
in 6.2. In case of £ = Oy the results of Section 4 show that the direct image 7,03 is a
vector bundle.

An application of Grothendieck-Riemann-Roch (to 7, £ and Op) allows us to

compare the Chern classes of 7,0z and 7,.£. We leave the proof to the reader.
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Proposition 10.1. For £ = Oy(Z) we have with U the ramification locus of 7:
- - 1.
a (L) =n.(2) - Eﬂ*(U),
~ 1 ~ 2 ~ 2 ]- ~ ~ ~
CZ(”*L) - CZ(”*OS?) = E((n*z) - 7T*Z ) - E(n*U . 7T*Z - 7T*(U . Z))
Now we make the following assumption.
Assumption 10.2. We assume:

(1) The effective divisor Z on Y is supported on the boundary divisor and £ =
O(2) is the pull back of an effective line bundle on Y.

(2) The image of the Section 1 under ¢, : O3 — 7,L vanishes nowhere on P O

By 10.2 (1) if £ = v*L’, the sheaf 7,£L = n.L’ is locally free since 7 is a finite
flat morphism. The second assumption implies in particular that Z does not contain a

divisor of the form 7*D for an effective divisor D on P.

Proposition 10.3. Under the Assumption 10.2 we have c;((w.£)") = ci((K.)") for
i=1,2. O

Proof. This follows because 7,.L is locally free and the image of « defines a non-zero

section, hence a locally free direct summand of rank 1. [ |

By our assumption 7, L is locally free, hence Proposition 10.1 tells us the Chern

classes of 7,.£ and hence of its dual. We thus find

Ve ®N) — (7,09 = (B2~ 729) — 5 (U 2,0 — (U - 2)+

N| —

3 1. d—1\.,
(d—2)(—7.Z + En*U) -N + 5 N
and we observe that 7,.(U) = W and ¢, (V) — (V') = (d — 1)N — 7,.Z. We set
A =Aq+(d—-1N-7.2

and then have ¢, (V]) = A, + p*D for some divisor class D on the base as in (2).
If we calculate the expression (1/2)A -6, — (1/2(d — 1))A? for both V' and V; we
find as difference

;G (G+2A - (d—1)by)
2(d—1) : + - _)pr
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where we write A for A, and use
G:=(d-1)N-#2.
Now Theorem 3.10 gives the following result about the difference mg — m, y.

Theorem 10.4. Under Assumption 10.2 with £ = Oy (Z) the difference mg; — m, y is the

pull back under a section of p of

1 1
F, —F 72> -Z-U)— ———,2Z - (7,2 — 7, U
A A1+277( ) Z(d—l)n (7 7. U)+

1GG2Ad10
m'(‘i‘_(_)p),

with 7, U = W and A = A,. O

This does not change if we add a full fibre of p to .

If 1+ (1) does not satisfy the condition of nowhere vanishing then K. may not be
torsion-free. For example, if £ is such that 7, £’ is reflexive and if £ = £'® O(7*D) for an
effective divisor D on P then by the projection formula we have 7.£ = 7.£' ® O(D) and

we have a commutative diagram

0 0
O—= >0
0 —— O(D) Tl K @ O(D) —=0
l:
0——= Op(D) K Q 0
0 0

showing that Op(D) is the torsion subsheaf of K.. Then the formula of Theorem 10.4
needs a correction due to the transition to the dual. In fact, if Z, = Z + 7#*D, with Z
satisfying the Assumption 10.2 and D effective then moz,) v = Mo N D)

We now wish to maximize this difference given in Theorem 10.4. Discarding

the term F, — F,, we have a quadratic function f of Z and G which we can write as
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f =f@) + f2(G) with

fi _ s 2z -z U)—;~Z (7.2 — 7, U)
1 = 27[* z(d_l)ﬂ'* T4 Ty

and

f G- (G+24A—(d—1)0,)

1

T 2d-1
and we can maximize the two parts independently. The function f, is a quadratic func-
tion of G, a divisor class on IF’, while the function f; is a quadratic function of Z, a divisor
class in the semi-group of the Picard group of Y generated by the effective divisors
supported on the singular fibres. We can then consider the situation locally around a
fibre of Y for f; and locally around a (corresponding) fibre of P for f2. The function f
(respectively, f1) is then a quadratic function on the subgroup (respectively, semi-group)
of the Picard group generated by the components of that fibre. For f, we observe that f,
remains unchanged if we add to the divisor class of N a multiple of the fibre. Therefore
we can consider the function f, on the subgroup generated by the components of the
fibre minus one component. We leave out the component intersected by a section and
since 6, is represented by —2S plus components from the fibre we can represent 6, by a
divisor with support on the fibre. Then we can find, similarly to what we did in Section 9,
the maximum by looking for a critical point of the quadratic function by differentiating
and get

d—1
G+A———6,=0.

Then G = —A + (d — 1)0,/2 defines using the intersection form a functional on the
subgroup of the Picard group generated by the components of the fibre and this func-
tional can be represented by a rational linear combination of the fibre components,
uniquely up to addition of a multiple of the fibre. Since it is a rational combination we
can approximate it by an integral linear combination that is optimal. Since we know
that the order of m,y along any boundary component ¥ is non-negative we see that the
quadratic function f, is bounded from above and the critical point gives the maximum
of f5.

Next we look at the function f; as quadratic function (of Z) on the semi-group
I' generated by the components of the fibre, this time of Y. By our assumption 10.2
(2) we have excluded the case that Z is the full preimage of an effective divisor on P.

In fact, using such Z boils down to tensoring with a line bundle N on P as we saw
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above. But we now also have the constraint that Z is effective. Therefore the method
of using the critical point may not yield the maximum. The obvious critical point of fi
given by Z = U/2 may not represent an effective divisor with support on the fibre and
a critical point may not represent the maximum. In any case, either the critical point
is effective and gives a maximum or the maximum is to be found on the boundary of
the closure of the rational polyhedral cone generated by I' in the Q-vectorspace gen-
erated by I'. Again, the fact that the order of m,y is non-negative guarantees that f
has a maximum on the subset of the semi-group with rational coefficients generated
by T that is allowed by our Assumption 10.2. The situation depends very much on the
parity and divisibility properties of the (intersection) numbers involved. We give one

example.

Example 10.5. We consider the trigonal case d = 3, g even, and an irreducible

component X of S;;1,1; whose generic point corresponds to the following picture

T

CQ QS Cl
Q2 T

Py @ P,
Q

We have components C; (respectively, T;) mapping to P; with degree 2 (respectively,
degree 1) fori = 1, 2. The intersection behaviouris C? = —2,T? = —1and T T, = 0, C;C, =
1,C,T, =1 = C,T,, and C;T; = 0 = C,T,. Given our conditions 10.2 and the symmetry
we consider effective Q-linear combinations a,C; + b,T,. In the Q-vectorspace (C;, T,) of
such linear combinations we can represent U by the non-effective cycle —IC, — IT, since
UC, =land UT, = 0. The quadratic form (1/2)7.(Z? - ZU) — (1/(2(d — 1))(7.(Z2) (7.Z — 7. U)
takes the form b,(b — I — by)/4 with critical value (b — )?/16 for b, = (b — )/2. If
we look on the Q-space (C;) we get the zero form while on the space (T;) the qua-
dratic form is b;(I — b;)/4 with critical point b, = [/2 giving the value [?/16 and
either this or (b — 1)?/16 represents indeed the effective maximum of the function f in

this case. O

In the next section we will work out one specific case where we can apply

Theorem 10.4 and of which the above example is a special case.
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11 A Special Case

We shall apply the preceding in the case where one of the ramification indices m, equals
1. We shall assume d > 3. The results will be used in the Section 13.
So we look again locally on our one-dimensional base B near a point s of an

irreducible divisor ¥ of the boundary S;,, of our Hurwitz space and we want to calculate
Ordzmst — Ordsz,N

for a suitable choice of divisors Z and N.

We suppose that u is such that one of the indices u, equals 1. If the ramification
index m, = 1 for a point Q, on the fibre of C over s then locally near the preimage under
the map Y — C of the point Q, (see the beginning of Section 4) our space Y is smooth
according to Lemma 5.1. The fibre of p over s is a chain of rational curves Ry = P;,R; =
E,,...,.RBn1 = En_1,R,, = P, and above it in Y and ¥ we have a corresponding chain
To, ..., Ty, such that T; — R; is unramified of degree 1 fori = 1,...,m — 1 because of
u, = 1; we further require that T, is a rational tail and Ty — Ry is unramified of degree
1. The resolution map v : Y — Y does not affect the local situation and hence the proper

transforms of the T; do not intersect the exceptional locus of v. We now choose

m—1 m—1 m—1
N = Z a;R; and Z= Z b;T; sothat 7.7 = Z b;R;,
i=0 i=0 i=0

where the coefficients b; are non-negative.

We have T = R3 = —1 while sz = RJZ. = —2for 1 <j < m — 1; Moreover, since
the maps T; — R; (i = 0,...,m — 1) are unramified of degree 1 we have Z- U = 0 and
by the projection formula we have 7,(Z%) = (7.Z)2. Thus we see that the contribution of
Theorem 10.4 is fy — fa, + f(Z,N) with f(Z, N) the quadratic expression

f@Z,N):= (d—2)X* + WX + G(G — (d — 1)b, + 24)) ,

1
2(d—1)(

where we used X = 7,Z and W = 7,(U). Discarding again F, —F,,, we look for the critical
point of the function f(Z, N) viewed as a function of the variables X and G. The vanishing

of the partial derivatives to X and G is given by

2d—2)X+W=0 and 2G-—(d—1)6,+2A4=0.
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So the critical point is given by
(X,G) = (—W/2(d — 2),(d — 1)6,/2 — A).

This means that this pair (X, G) defines on the subgroup of Pic(ﬁ) generated by the
components R; (i =0,...,m — 1) of our fibre the same intersection behaviour as the pair
of critical point (7,.Z, (d — 1)N — 7,Z) we are looking for. The value at the critical point
is given by

d-—1 1 1

1
8 b + 2P 2d- 1)A 8(d—1)(d—2)

2

Observe that near our fibore W = & + Y1;' &R; with E the sum of the sections, and
therefore in the subgroup of P generated by Ry, ..., Ry we have W = — Z:’;l[(m —Dl—
8;1R;. Moreover A = —(1/2) Y7,/ ((m — i)c — §)R; and 0, = Y 7';'(m — D)R; — 2S with S

the section that intersects R,, only. The coordinates of the critical point in terms of the

coordinates g; of G and x; of X (fori=0,...,m — 1) are
—ia -4 — il .
gizw and Xizu fori=0,....m—-1,
2 2(d — 2)

with @ = ¢ + d — 1. Observe that the x; are non-negative. The value taken by f at the
critical point is

m(p)

(- )+ (d - 2)a%) + sd—z G- A
i=1

Fmax = 8(d—1)(d—2)

We let N = Z;Zl a;R;. We then have (d — 1)a; = g; + x;. Since the a; and x; are not

necessarily integers we define integers «; and &; by
o =a;+e;, &=x;+e, fori=0,....m-1, (15)

where the e; and €] are chosen as follows. We choose e,,_; € [-1/2,1/2) and successively
we choose e; fori = m — 2,...,1 such that |e; — e;;;| < 1/2. By noting that a — | =
(d—-1)2(q—k—1)+ 1), with k = g/(d — 1) and g given in (4), we observe that

m-ida-1) m-i)2@—-k—-1)+1)
a; — X, = = ,
2(d—-1) 2

which is an integer or a half-integer according to the parity of m —i. We then choose the

e; such that e; = e; for m — i even and e} = e; + 1/2 for m — i odd. The value of f" at the
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point («o, ..., ¥m_1,&0, - -, Em_1) 1S frnax + ferr With forr given by
D (e —e)’ + ) (e —e)lei, —€) — 5 ) (e, —e)’
i=1 i=1 i=1

which simplifies to

d—2 < 1 & ) )
D (e —e) = o) (e —e) — (e, — €)Y, (16)
i=1 i=1
so that we get
d—2 & , m

err — T T o €i1—6) — 5. 17
f 5 2:} 1—e)’ = 3 (17)
Lemma 11.1. The maximum of f in integral points is taken at («, &). d

Proof. For any choice of rational numbers e;, e; and with ¢; and §; as in (15) we have
f (@, &) = fumax + forr With forr as in (16). We have to maximize f,... Using t; = e;_; — e; and

S; = e;_, — e; we can rewrite it as

d—2 ¢ 1 —
—T;tf—ag(tl—sl)z

The term ) ", (t; — s;)* is minimized independently of the choice of the e; by m/8 by
choosing e; = e; or e; = e; — 1/2 depending on the parity of m — i. Then by the argument

of Lemma 9.1 f,;; is maximized by our choice of the e;. [ |
Lemma 11.2. For (¢, &) as defined above we have f,,; = 0. O

Proof. We have

m-—1 .
A+G=Z<W+(d—2)ei—ei>&
i=0

with ¢, = 0if m — i is even and ¢; = 1/2 otherwise. Since (d — 2)e; — ¢; > —(d — 1)/2, the

coefficients are non-negative while the coefficient of R,, is zero. |
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Theorem 11.3. Let X be an irreducible component of the boundary S;, of 7—~{d,g corre-
sponding to the case (j, u) with at least one m, equal to 1. We also assume that Ty — Ry

is unramified of degree 1. Then the coefficient o;, of ¥ of the locus N; ym, y is equal to

1 W1 je-pd-2) 1 R 2
m(w) (E (d - ; mv) teb-nd-1) 8d-2 i;(a“ =%

mwd - d-2 (me W
TBd-1d-2) 2 (4 S e mer’).

Proof. By choosing N and £ corresponding to the near critical points («, &) given in (15)
we see that we can diminish the coefficient of ¥ in mg by f4 — fa, + fmax + forr. For the
term f, — fu, the identity (10) remains valid by Lemma 11.2. Also the positivity argument
given there can be used: we have f((d — 1)6,,0) = mc/2 and f(0,0) = 0. Collecting all the

terms gives the result. |

The same method can also be applied in more complicated situations. For exam-
ple, we may assume that P has a singularity at Q = P, N P, of the type s” = uv and that
overitinthefibre of Y at Q, we have a singularity of type s”™/™ = x,y,. Then on Pwefind a
chainRy = P,,Ry,...,Rm-1,Rm = P;and on Y we find a chain with T, ; withi =1,..., m—1
with T, ; mapping to R; with degree d,; = gcd(m,, i) and ramification m,/d, ;. Let C, be
the component lying over R, containing the point Q, and assume for simplicity that it
contains no other singular points. Then 7*(R;) = ), T, , with T} ; = (m,/d, ;)T,; a Cartier
divisor. We can then apply intersection theory on the normal surface Y (e.g., we have
the projection formula for 7 : ¥ — P and v : Y — V; see [6], p- 867) and one calculates

T ?=-2m, CT, =T, T . =m,.

Vi v,i%v,i+1

If we now put Z; = a,,C, + Z;’;l a,;T,; and set Z = v*Z, then these are effective Cartier

divisors and we can calculate
v,i

m
2 2 .
zZ° = -m, Z(av,ifl - av,i) ' V*T, U= _du,i—l + 2dn,i - du,i+1 ’
=1

moreover we have

V*C\) U = 3(mv - 1) + zg(cv)
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together with
m
(ﬁ*z)z = — Z(dv,iflav,ifl - dv,iav,i)z
i=1
and

72 W =a,oml = ) (i1t = dui@) iy = 8) .

i=1

With these formulas, similar in spirit to the above but more involved, we can calculate

the extended Maroni classes in such cases using Theorem 10.4.

12 A Question

To a pair (£,N) with £ = O3y(Z) for an effective divisor Z supported on the boundary
of Y and NV a line bundle supported on the boundary of P we associated the class of an
effective divisor m,y on H,44 containing the closure of the Maroni divisor. By varying £

and N we can define an effective divisor class

Mmin = Nz yMew -

This is the minimal class we can get with this method. The formulas we found for the
extended Maroni classes m, y are given in terms of the boundary classes S; . Therational
Picard group of Hg4, is not known in general but is conjectured to be generated by the
boundary classes. In his thesis [15, 16] Patel proves that the boundary classes on the
unordered Hurwitz space are independent. If the classes of the irreducible boundary
components X are linearly independent we may describe this minimal Maroni class

Mmin bY
Mpin = Z os 2
D)
with ay given by
ay = min{as(L,N) : L, N},
where we write

Mey = ZWE(ICIN)E!
z
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and with £ = O3(Z) ranging over the line bundles associated to effective divisor classes
with support on the boundary and N over the line bundles corresponding to divisor

classes with support on the boundary. The following natural question comes up.

Question 12.1. Does the class my;, coincide with the Zariski closure of the Maroni

locus? O

In the next section we show that in the trigonal case the answer is positive.

13 Comparison with the Results of Patel and Deopurkar-Patel

In this section we compare our results with the results of Patel [15] on a partial
compactification and with the results of Deopurkar—Patel [5] for the trigonal case.

We begin by comparing with the results of Patel by specializing our calculation
to a partial compactification of our Hurwitz space involving only the boundary divisors
S;,. of the Hurwitz space ﬂd,g that parametrize covers that have b — 2 ramification points
on one P! and 2 on the other; in other words j = 2. We then can compare our result
with the results of Patel [15] on such a compactification. The boundary components S, ,

involved fall into three cases:

ZSZ,M =E;, +E;+ A,
L

where E, collects the divisors corresponding to u = (2,2,1,...,1), while E; collects

those corresponding to © = (3,1,...,1) and the divisor A contains all S;, with u =

(1,...,1). Each generic point of the divisor E, corresponds to curves with a g} with two

simple ramification points in one fibre, while each generic point of E; to those with a

triple ramification point. Each irreducible component of the divisors E, and E; maps

dominantly to a cycle in M, that intersects the interior M,. The divisor A includes the

case of covers with a base point (i.e., the divisor of covers C' UL — P! with ¢’ — P! of

degree d — 1 and L — P! of degree 1 and L N C’ one point, the “base point”) but also the

one-nodal curves.

We calculate the contributions to these terms in Theorem 8.3 using the identity
b=2(k+1)(d - 1):

_(k+1)(d—2) N 2k +1 _(d—lO)(k+1)+4

2(b— 1) 2b—1)° 6(b—1)

3.

Except for a factor 2 this expression coincides with the expression that Patel finds in

his thesis for the class of an effective divisor containing the Maroni locus on a partially
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compactified Hurwitz space that takes into account only the case where j = 2. The factor
2 is due to the automorphism interchanging the two points on one tail P*.

But as we shall show now, this is not the class of the closure of the Maroni locus.
To show this, we consider the case where u = (1,...,1). Then m(u) = 1 and our space c
is smooth here. There are many irreducible components of the divisor S;, for j = 2 and
uw=(1,...,1). We further assume that we have 2g — 4 + 2d branch points on P, and 2
on P,. One divisor contained in S, , parametrizes covers where there are two irreducible
curves C; and C, of genus g, and g, covering P; with degrees d, and d, withd, +d, =d
and these are joined by a rational tail mapping with degree 2 to P,. Over an appropriate
one-dimensional base B we have by the projection formula C? = —d;. We now choose £
associated to the effective divisor Z = y C, and N = x P, for suitable integers x and y
with y > 0. Then we apply Proposition 10.4 and using that C; - U = 2(g; +d; — 1) we find
the following.

Lemma 13.1. If we write Fy — Fa, = (fa — fa,)Fs with Fy, the fibre over ¥ we have that

ordymg — ordsm, y is equal to

y+1

(fA—fA1)+<X+k— 2

)ydl—%X(X—l)(d—l)—k(l—gl)y—x. O

In certain cases this is positive. For example, if one takes g; = 1 where this
parametrizes curves with an elliptic tail. Then we set y = k and x = 0. We have 4, =
P, — 7*Z = P, — kd,P, and F, = 0 and also fj, = 1 — kd,. Then the above contribution is
k(k+1)d,/2 — 1 and this is positive. Therefore the divisor class found by Patel is larger
than that of the Zariski closure of the Maroni locus.

Next we compare with the results of Deopurkar and Patel for the trigonal case.
In this case the boundary divisors of H; , are listed in [5, p. 872]. We have the following
divisors: A, corresponding to a generic irreducible trigonal curve with a node, H, cor-
responding to the generic hyperelliptic curve, and divisors A;(g;,g;) fori=1,...,6. We

refer to the description given in loc. cit. In that paper the formula
Residual = (7g + 6)A — g§ — 2(g — )

(where p refers to the Zariski closure of the Maroni locus and § is the class of the pull back
of the total boundary ofﬂg) given on page 877 can be used to calculate the coefficients of
the boundary divisors in the expression for the closure of the Maroni locus. For example,

take the case of A;(g:,92) with g; + g2 = g — 2. The number of branch points on the base
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P, (respectively, P,) is 2(g, + 2) (respectively, 2(g — g;)) and the pull back of § is 3 A;. If

g1 is even their formula gives
3
(79+6)h -39 —2(9 -3 =25919 - 91— 2)

and using the contribution (g; +2)(g — g1)/2(2g + 3) to the Hodge class A we find the con-
tribution of the Maroni closure u = 1/2. Comparing with our formula for the standard
Maroni extension mg; given in Theorem 8.3 we get r = 0, ¢ = 0, hence o0 = 1/2 and the
results agree. Similarly, if g; is odd they find © = /2 — 1/4 and our Theorem 8.3 gives
withr=1,d—n =0,and ¢ = —2 that 0 = A/2 —1/4. So in the case of the boundary divi-
sors of type A; the two results agree. However, for some boundary divisors the result
of Theorem 8.3 for the standard class my; gives a higher multiplicity than the result of

Deopurkar and Patel. We list these cases in a table.

Table 2.

Div (91, 92) Difference

Ay

A,

Az g1 =0(mod?2)
Az g1 = 1(mod2) 1

As gz =0(mod2) (g, +1)2%/4—-1/4
Ay g2 =1(mod2) (92 +1)?/4
As g2(g2 +1)/2
As g2 =0(mod2) (g,+1)2/4—1/4
Ag g2 = 1(mod2) (92 +1)?/4

H g(g+2)/4

o O ©o ©

But here the methods given in Sections 9 and 10, or more specifically 11, that
produce Maroni classes m, y, come to the rescue and by using this we retrieve the result
of Deopurkar and Patel for the trigonal case as we now illustrate.

The first case where our divisor mg is not optimal is the case of A; and g; odd
where we get an additional coefficient 1 for A3(g;,g,). Here m = 3, r = 1, and ¢ = 0,
(80,61,82,83) = (0,2,2,0), and A = E; + E,. But then we apply the results of Section 9
and take N = P;; we see that the maximum is assumed in the point (ng, n;, ny, n3) =
(3/2,1/2,0,0) and we get according to the formula of Theorem 9.3 that o = 1, see Table 1
(with j = 2g; + 2 = 0(mod4) and p = [3]). This gives the desired correction.
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In the remaining cases Ay, As, Ag, and H we apply the method of Section 11
and get as reduction of the coefficient o;,, a quadratic polynomial in b — j and in all
these cases this is exactly equal to the difference in Table 2. We illustrate this by the
case A,. We have g, + g, = g—1and u = (1,1,1) sothat d = n = 3 and m = 1;
moreover j = 2(g — g» + 1) and I = 2(g, + 1). Substituting this in Theorem 11.3 and
comparing with the standard class m; gives the correction term (g, +1)2/4 or g,(g>+2)/4
as desired.

The cases As and Ag follow similarly and the case H is the same as Ag withg, =g

even.

Conclusion 13.2. In the trigonal case (d = 3 and g even) by choosing for each ¥ the line
bundles £ and N as in Theorems 9.3 and 11.3 we get an effective divisor m,y on Hj,

that equals the Zariski closure of the Maroni locus on H;4. O
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